37. Appendix: the derivation of equations determining the commodity
composition of output from joint-product industries, discussed in
subsection 20.2

This appendix sets out the theoretical underpinnings of E xOccom, E_xOci and

E_pOccom specifying commodity outputs from joint-product industries.

We consider a firm which chooses its outputs of commodities X;, iLICOM to

maximize®6 ¥ BX; (37.2)
subject to 3 (QeAc/Z)e /he =B (37.2)
cbcc
and
Ypc
Qe :[ > (Xi/Bi)_pC] for all cOJCC (37.3)
iOM(c)

where

P, isthe price of commodity i;
CC is the set of composite commodities (denoted by COMPCOM in section
18);

Q isthe output of composite commodity c;
Z isan index representing the firm’slevel of inputs;

A. is a variable alowing for composite-commodity-c expanding technical
change;
he -2 and B are positive parameterswith h,and - > 1;
M(c) is the set of MONASH commodities that make up composite commodity
¢; and
B; isapositive variable allowing for commodity-i expanding technical change.

Expression (37.1) is the firm's revenue while (37.2) and (37.3) specify its
transformation frontier. Equation (37.2) is the CRETH form introduced by Vincent
et al. (1980). It is analogous to Hanoch's (1971) CRESH specification of the
production function. Just as CRESH generalizes the CES production function,
CRETH generalizes the CET transformation frontier. Equation (37.2) reduces to
the CET case (Powell and Gruen, 1967 and 1968) if h. = h for al c.

In (37.3) we assume that each composite commodity, ¢, is a CET function of
MONASH commaodities, i. Because each commodity i is in only one composite
commaodity, X; appearsin just one of the constraints that make up (37.3).

Thefirst-order conditions for a solution of (37.1)-(37.3) can be expressed as.

56 For algebraic convenience we assume that the firm can produce all of the commoditiesin COM.

393



394 Dynamic General Equilibrium Modelling for Forecasting and Policy

AQeYag iz Jhe=n, , cocc, (37.4)
¥ “Pcl
R=Me| —- e, iDCOM and cOCC:iOM(c) (37.5)
B Pc
|

plus the constraints (37.2) and (37.3)
where A and I, are the Lagrangian multipliers for (37.2) and (37.3). Notice that
(37.5) and (37.3) imply that MM, is the price of composite commodity ¢, i.e. it is the
revenue derived by the firm per unit of output of composite commaodity c.
In percentage-change form (37.4), (37.2), (37.3) and (37.5) are:

A+ (he-Dqe-h(z-a)=rm , cdOCC , (37.6)
z Redc =z - z Reac (37.7)
cOcc ccc
qc= », (Xi=bj)H; (37.8)
iOM(c)
and

pi =71 — (. + DX + pcbj + 1+ p)g., iOCOM and cCC:iIM(c) (37.9)

where the lowercase A, q. , pi, Z, &, 7% X; and b, are percentage changes in the
variables denoted by the corresponding uppercase letters, and the R, are shares
(summing to one) defined by

(QcA/2)Me

3 QAN
s1CC
and the H; are shares [summing to one over thei’sin M(c) for any cOCC] defined

by

R = cocc, (37.10)

_ (X))
3 (Xu/B)

kOM(c)

i 0COM and cOCC:iOM(c) . (37.11)

57 1n percentage-change form (37.2) can bewritten as

> (dc+ac-2)R¢ =0, @
cccC

whereﬁC =(QcA/ Z)hc .If the ﬁc sare converted to shares summing to one then (a) reducesto (37.7).
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By multiplying both sides of equation (37.4) by Q. and substituting into (37.10)
we find that R. is the share of composite commodity c in the firm's total revenue.
By multiplying both sides of equation (37.5) by X; and substituting into (37.11) we
find that H; is the share of commodity i in the value of the firm’s output of the
composite commodity ¢ to which i belongs.

Substituting (37.8) into (37.9), then multiplying by H; and summing over iDM(c)
we obtain

= Y piHi+ Y biH; (37.12)
iOM (c) iOM (c)
which can be used to eiminate 7z from (37.9) giving:

+b +Gc[bi - zbiHi]

iM (c)

Xj =0 +0g|pi = D_piH
iOM(c)

idJCOM and cOCC:iOM(c) , (37.13)
where ¢g; is a positive parameter defined by
-1
1+pe

Now we manipulate (37.6) and (37.7) to obtain an expression for A which is
independent of q_, cLICC:

A=z- > Rgag+ Y ReTy (37.14)
diCC di1cC

O¢c =

where R; is the modified revenue share defined by

* Y Relhe-1)
ccc
On substituting from (37.14) into (37.6) and making some rearrangements, we
obtain

Oc=z+7¢ (71 - ZR; 7g) - ac -Tc(ac - ZR;as)’ cCC, (37.16)

sdcc . (37.15)

S1CC S1CC
where T isthe positive parameter defined by
7. =1(h.-1), cOCC. (37.17)

To go from (37.16), (37.13) and (37.12) to E x0ccom, E xOci and E_pOccom
reguires three steps. First we add industry identifiers, j. Second, we alow the
technological change variable a; to be the sum of two parts, one depending only on
j [a0ind(j)] and the other depending on both ¢ and j [aOccom(c,j)]. Similarly, we
alow the technological change variable b; to the sum of two parts, one depending
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only on i [a0com(i)] and the other depending on both i and j [a0ci(i,j)]. Noticein
E x0ccom that the a0ind(j) does not appear in the technology-substitution term,
i.e., thelast term on the RHS. Non-zero values for alind(j) do not have differential
impacts the firm’s ability to produce different composites and therefore do not
induce transformation between composites.

Thethird step in moving from (37.16), (37.13) and (37.12) to E_xOccom, E_xOci
and E_pOccom involves changes in the names of variables, coefficients and
parameters. g becomes xOccom; z stays as z; a becomes alind plus adccom; 1
becomes SIGOCC; o becomes SIGMACC; 7. becomes pOccom; p becomes pOdom;
x becomes x0ci; -b becomes a0com plus alci; R becomes MHOCC; and H
becomes SOC. The coefficient CCPROD(i,j,cc) is used in E_xOci and E_pOccom to
handle the restriction of sums to values of i in M(c) and to identify the c in CC
such that iCIM(c).
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38. Appendix: the derivation of the equation (E_x1cs) determining the
domestic/import mix in intermediate inputs, discussed in subsection 20.3

Starting from a cost-minimizing description of domestic/import choice, we derive
the demand equation for intermediate inputs, E_x1csi, and demonstrate that the
"a', "twigt" and "f1" terms on the RHS of this equation can be interpreted as input-
using technical changes.>8

We assume that firmsin industry j choose inputs of domestically produced (dom)
and imported (imp) good i to minimize the costs of satisfying their requirements
for i. Omitting i and j subscripts, we write their cost minimizing problem as:

choose X, SDSOURCE to minimize ¥¢PyX g (38.1)
. _~l-1/p
subject to R:[ZS(XS/BS) P] , (38.2)
where

SOURCE isthe set {dom, imp};

Pgisthe pricetoindustry j of input i from sources;

Risa CESindex representing the required overall level of input i to industry j;
p is aparameter whose value is greater than -1, but not precisely zero®9; and

Bg is a variable which allows for commaodity-(i,s)-using technical change in
industry j.
We look for a specification of the movements in Bs which, in combination with
(38.1) and (38.2), givesE_x1csi.
With the Lagrangian multiplier denoted by A, the first-order conditions for
problem (38.1)-(38.2) can be written as

o @+P)p -
P =A| ZglXs/Bg) P | xpP1

plus the constraint (38.2).
By using (38.2), we can rewrite (38.3) as

/B; P, t DSOURCE, (38.3)

P =ARYP x;P71/B;P, t ISOURCE . (38.4)
In percentage change form (38.4) and (38.2) are:

Pt =A +(1+p)r-(1+p)x; +pbi, tOSOURCE, (38.5)
and

58 Throughout this section we allow input-using technical changes of both signs. Input-saving technical
changes are negative input-using technical changes.

59 as p approaches zero, (38.2) approaches the Cobb-Douglas function. In the interests of saving space, we
will not deal with this case explicitly. Textbook treatmentsinclude Dixon et al. (1980), pp. 295-300.
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r=>¢Ss(Xg—bg) , (38.6)
where

Ss=(Xs/Bs) P /=i (X /B)P . (38.7)
From (38.4), we see that

Ss=RXg/Zi BXt, sOSOURCE, (38.8)

i.e, Sgomand § mp e domestic and import sharesin industry j's expenditure on i.
On multiplying (38.5) through by S and summing, we find that

A=Z¢ Stpy - (1+p)r +(1+p) Zg Sp Xy —by) +Z¢ Stby (38.9)
Simplifying via (38.6) gives

AN=ZtSpr +ZtSby (38.10)
By substituting from (38.10) into (38.5) we obtain

Xs =1 -0(ps - Tt Sty ) + b - o(bs - Tt Stby ), SOSOURCE, (38.11)
where o isthe easticity of substitution between the two sources of input i, given by

o=1(1+p). (38.12)

How can we specify the b's so that (38.11) becomes E xl1csi? We start by
writing bg as the sum of two parts:

bs = ag + C(s)twist, S00SOURCE (38.13)

where ag and twist are variables and C(s) is a coefficient. On substituting from
(38.13) into (38.11), we obtain

Xs=1-0(ps- Z:SP) + & - 0(as - Z:Sa) + [C(9) - o(C(9) - ZSC(Y)]twisL,
SOSOURCE . (38.14)
If we are to move from (38.14) to E_x1csi, then C(s) must satisfy
C(s) - o(C(s) - = SiC(t)) = ~(SOURCEDOM(S) — Sgom ) SUSOURCE.  (38.15)
Because pz0, ¢ is not equal to one, allowing us to satisfy (38.15) with60
C(s) = —(SOURCEDOM (8) - Sqom )/(1 - 0), S SOURCE. (38.16)

Now, with the input-using technical changes (bg) written as

60 it 5 were one, then it isclear that (38.15) would not generate valuesfor C(s). This failure reflects the fact
that with a Cobb-Douglas specification (0=1) of production technology, input-using technical change does
not twist the cost-minimizing domestic/import mix.
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b = ag — [(SOURCEDOM (8) — Sgom )/(1- 0)]twist, sSDSOURCE,  (38.17)

(38.11) becomes
Xs =1 = 0(ps — £y Stpt) + as — ofas — £y Stay) - (SOURCEDOM (8) ~ Sgiom Jtwist,
SOSOURCE . (38.18)

From (38.18) we can move to E x1cs in four steps. First, we add i and j
subscripts to all the variables, coefficients and parameters with the following
exceptions. The parameter SOURCEDOM(S) heeds neither i nor j. The parameter,
g, needs only an i because MONASH does not contain different values for
domestic/import substitution easticities for different industrial users of good i.
Similarly, the variable, twist, needs only an i. MONASH allows only a common
domestic/import twist across all usersof i.

The next step is to recognize that under the Leontief assumption adopted at level
1 (Figure 20.1) for industry input technologies,

rj =2()) +al(j) +alci(i, j), (38.19)

i.e., the percentage changein the overall requirement for input i in industry j isthe
percentage change in the industry's overall level of activity [z(j)], modified by
genera input-using technical changes [al(j)] and input-i-using technical changes
[aldci(i.j)].

After substituting (38.19) into (38.18), the third step in the journey from (38.18)
to E_x1cs isto rename variables, coefficients and parameters. x becomes x1csi; o
becomes SIGMAL; p becomes plcsi; S becomes SOURCE_SHR1,; a becomes alcs;
SOURCEDOM stays unchanged; and twist becomes twist_src. At this stage, we
have arrived at E_x1csi, except for the "f1" terms.

The final step isto add these terms. As explained in subsection 20.3, they occur
with non-zero coefficients only in the demand equations for imported transport
services (C99) and imported communications (C100). For both transport services
and communications, SIGMAL(i) is zero. This allows us to think of f1 trang(j) as
an additional imported-C99-using technical change [having the same effect as
alcsi(C99, imp, j)] and fl-commun(j) as an additional imported-C100-using
technical change [having the same effect as alcsi(C100, imp, j)].

With one insignificant exception, we conclude that E_x1cs is consistent with a
cost-minimizing description of domestic/import choice in which technical change
is of the input-using variety. The exception occurs in the Cobb-Douglas case (o is
precisdly one). In this case the twist term in E_x1cs cannot be interpreted as
input-using technical change. In any other case (o not precisdy one) we see from
(38.17) that a value of one for twist_src(i) imparts input-(i, dom)-using technical
change of —Sn/(1-0) per cent and input-(i, imp)-using technical change of
Siord (1-0) per cent.
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39. Appendix: the derivation of the equations in subsection 18.8c determining
industry demands for primary factors, discussed in subsection 20.4

Our aim in this appendix is to set out the theoretical underpinnings of E_labind,
E cap at t, E plland, E xllaboi and E_pllab. We show that they are the
outcome of a cost minimization problem in an environment of input-using
technical change.6!

We consider a firm which chooses inputs of labour (X,), capital (X,) and land
(X3), and of occupational hours (X4, g=1,...,M) to minimize

M
Zlexlm +P X5 +P3X3 (39.1)
m=1

3
subject to > (Xc/zBe)e Ihe =B (39.2)
c=1
and

M
> (Xam /X 1By )M Tk =y, (39.3)
m=1

where

Pim isthe cost per unit of labour of occupation m;
P, and P; are the user prices of capital and land;
Zisthefirm'soveral activity level;
B. isapositive variable allowing for input-c-using technical change;
Bim is a positive variable allowing for occupation-m-using technical change;
and
B, v, he and k;, are parameters with h, and ky, less than 1 but not precisdy
zero.62
The minimand, (39.1), is primary factor costs. The first constraint, (39.2), means
that the firm must obtain sufficient primary factor inputs to achieve the activity
level Z where Z is a CRESH aggregate of inputs of labour, capital and land. The
second constraint, (39.3), means that the firm must obtain sufficient occupational
inputs to achieve an overall labour input of X4 where X1 is a CRESH aggregate of
occupational inputs.
Problem (39.1)-(39.3) can be solved in two steps. In the first step, the firm
chooses its occupational inputs (X1y,) to minimize

61 Asinthe previous section, input-saving technical change is negative input-using technical change.

62 3 can be of either sign but if all the h, have the same sign then B has this sign. A similar comment applies
toy.
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M
> PimX1m subject to(39.3) . (39.4)
m=1
In the second step, the firm chooses its inputs of labour, capital and land
(X, €=1, 2, 3) to minimize

3
D P.X subjectt0(39.2) (39.5)
c=1
where Py, the overall price of labour defined by
M
X
P = z Pim im (39.6)
m=1 X1

with the X5 on the RHS of (39.6) being the solution to problem (39.4) and X,
being part of the solution to (39.5). As required by problem (39.5), P; is
independent of X;. This is because under (39.3), X; is a linearly homogeneous
function of the Xy, implying that X /X, determined in (39.4) depends only on
the Py, and not on X;. Under the definition in (39.6), P is the minimum cost per
unit of labour achievable at the given occupational wage rates (Pyy,).

Thefirst-order conditions for a solution of (39.4) can be expressed as

km-1
AX /(X 1By )M = Py m=1,.., M (39.7)
plus (39.3).
In percentage-change form, these first-order conditions are:
A+ (kKm = Dxam = Km (X1 + bim) = P1m» m=1,.., M (39.9)
and
M M
D SimXim =X1+ ) Simbim (39.9)
m=1 m=1

where A, by, and the x’s and p’'s are percentage changes in variables denoted by
the corresponding upper case symbols, and

km
_ (Xam/X1B1m) m=1,..., M. (39.10)

Z(qu/xlqu)kq
q
As can be established by multiplying (39.7) through by Xy, Sim is the share of
occupation min labour costs.
Following steps similar to those that took us from (37.6) and (37.7) to (37.16),
we can manipulate (39.8) and (39.9) to obtain

M M
Xim = X1 = Oim [p]m _zsijc_qpqu +bim - Glm[blm _zsﬂ-qbqu

q:]_ q:]_
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for m=1,...,M, (39.11)
where 01, is the positive parameter defined by

Om = 1/(1-kn) , m=1,...M (39.12)
and Siq isthe modified cost-share defined by
M
S1g=0iqSa/ Y, OimSm . o=1,... M. (39.13)
m=1

Similarly, on solving the optimization problem (39.5), we obtain
3 3
Xe= Z- G{ps - ZS’;pC] + by - 6 {bs - ZS’;bC] for s=1,...,3, (39.14)
c=1 c=1

where 05 is the positive parameter defined by
B6s=1/(1-hy s1,...,.3 (39.15)

and S’; is the modified cost-share defined by

3
Se=0S/ Y. 6.8, c=1,...,3. (39.16)
v=1
Finally, from (39.6) and (39.9) we derive an equation for the percentage change
in the overall price of labour:

M M
PL= D PimSim* > bimSim - (39.17)
m=1 m=1
To move from (39.14), (39.11) and (39.17) to the MONASH equations E_labind,
E cap at t, E plland, E x1laboi and E_pllab, we start by writing by, m=1,...,.M
and bg, s=1,...3 in terms of other variables (a's and twist) as follows:

M
bim =aim = D _Siga1q m=1,...M, (39.18)
q=1
and
bs=as + s twist s=1,...,3 (39.19)
where Y, s=1,...,3, satisfy the equations:
3
Ws - e{ws —Zscwcj =(CygVy —CaeVy) s1,..,3 (39.20)
c=1
and

C,i isaparameter with value 1 for i=1, otherwise 0;
C, isaparameter with value 1 for i=2, otherwise 0; and
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V, and V, are coefficients representing the shares of labour and capital in the
combined cost of labour and capital.

Next we subgtitute from (39.18) and (39.19) into (39.14), (39.11) and (39.17)
and use (39.20) to eliminate Y. Expressing &, & and & as

aq =al+alprim+alprimgen+allab+allabgen (39.21)
ao =al+alprim+alprimgen+alcap and (39.22)
ag =al+alprim+alprimgen+alland |, (39.23)

and noticing from (39.16) that the Sf: sum to one so that al, alprim and
alprimgen cancel out of the technology substitution term in (39.14) [the last term
on the RHS], we obtain E_labind, E_cap_at_t, E_plland, E x1laboi and E_pllab
in simplified notation.

We conclude that these MONASH equations arise from cost minimization
subject to CRESH constraints [problem (39.1) - (39.3)], with input-using technical
changes (bym, bs) restricted according to (39.18) - (39.20).

Restrictions (39.18) - (39.20) do not significantly limit the scope of MONASH.
Restriction (39.18) means that &, can be used to impose only a cost-neutral
occupation-g-using technical change, that is technical change which uses g and is
offset by technical changes which save on all other occupations. However, if we
wish to impose a pure occupation-g-using technical change, then we can combine
an & shock with an g shock.63

The only issue raised by restrictions (37.19) and (37.20) is the existence of values
for Yg, s=1,...,3. If B were one for all 5,84 then we would not be able to find values
for Yg, s=1,...,3 to satisfy (39.20). In this case, E_labind, E_cap_at_t and E_plland
would not be derivable from the cost minimization problem (39.1) - (39.3) with
technical change recognized only through movements in the Bs. In general, to
justify E_labind, E_cap_at t and E_plland via (39.1) - (39.3), we need to assume
that the matrix C, given by

c=1-6(1-5) , (39.24)

is non-singular, where 0 isthe diagonal matrix whose ith diagonal element is 6;,
and S* consists of three rows, each being S:lSESE The assumption that C is

63 An ayq shock of one per cent combined with an & shock of Sy per cent smulates occupation-g-using
technical change of one per cent.

64 We ruled out this case by assuming that h. in (39.2) is not precisely zero. However, at the cost of some
extra algebra, (39.2) could be generalized to embrace the Cobb-Douglas function. In this case 85 would be
onefor al s.
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non-singular is harmless. If C were singular, then a small change in 6 would

produce a new model, arbitrarily close to the initial model, in which C is non-
singular.

40. Appendix: the derivation of equations for household demands, discussed in
section 22

We assume that the household sector chooses X3(i) and X3CS(i,s), iDCOM,
SOSOURCE, to maximize

> 0i In(X3(0)/Q-Ty) (40.2)
subject to
X3(i) = CE9x3csli,dom)/ B(i,dom); X3CS(i,imp)/B(i,imp)] , iICOM, (40.2)

and

> Zspscs(i ,5)x3cs(i,s) = C, (40.3)
where

X3CK(i,s) is consumption of (i,s);

X3(i) isoverall consumption of i;

Q isthe number of households;

CES denotes a CES function;

P3CY(i,s) isthe price to households of good i from source s; and

A, Ty andB(i,s) are preference or taste change variables with B(i,s) and
A; being positive, and with the A; the summing to one over al i.

In subsections 40.1 to 40.3 we show that (40.1) — (40.3), together with the
restrictions placed by MONASH on movements in preference variables, lead to
E x3, E_ x3cs and E_p3 in subsection 18.8e with the price and expenditure
elagticities set by the relevant formulas in subsection 18.5k.

40.1. Derivation of E x3 and interpretation of the taste-change variables
a3com

We solve the utility maximization problem (40.1)-(40.3) in two stages. First, we
choose X3(i), iDCOM to maximize (40.1) subject to

> P3()X3(i) =C, (40.4)
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where P3(i) is the minimum cost to households of obtaining a unit of good i.6°
Thisfirst stage optimization produces the demand system:

X3(i)/Q=T; +[A /P3(i)]{(C/Q)—zj rP3())}, iCICOM . (40.5)
In percentage-change and change® form, (40.5) can be written as:
x3(i)-a=v; - (W F)a; /s (& - p3i)
+[ni/si0)](c-a) -[ai/si]zjsjv; - W F)a;1s]za; +Fs;) (), (40.6)
where
x3(i), g, 9;, c and p3(i) are percentage changesin X3(i), Q, 4;, C and P3(i);
S; isthe share of good i in the household budget;
F isthe Frisch®7 coefficient defined by
F=-(C/Q{CIQ - ;IjP(j)} |, (40.7)

and Y, is 100 times the change in FJ- divided by X3(j)/Q, that is,

yj =100ddr/(X3(j)/Q) jOCOM . (40.8)
In deriving (40.6), we eliminated I; by using

M = X3(3)/Q + (A/P3(i))(C/Q)/F (40.9)
which implies  P3(i)[; = (C/Q)(S; +A; /F). (40.10)

From (40.6), we obtain
x3(i) —a=¢j(c-a)+ Zjnijp3(i) +[vi —& ZjSjvj)-(U/Fleid; , iDCOM , (40.11)
where g;, the expenditure easticity of demand for good i, is given by
& =N IS iCICOM, (40.12)

65 The P3s are independent of the X3s because the CES function (40.2) is homogeneous of degree 1 in
X3CS(i,s), SISOURCE.

66 we avoid percentage changesin I'; because it isa variable that can pass through zero.

67 Named for Frisch (1959) who together with Houthakker (1960) found that under an additive utility
function, cross-price eadticities (n;;), expenditure elagticities (g) and budget shares (S) are connected by the
equation

ni=-& S [1+e/F)] i#
where F isindependent of i and j. Under the additive utility function (40.1), Fisgiven by (40.7).
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and r);;, the elasticity of demand for good i with respect to the price of j, is given
by

nij = KD(i,j)(&lF) - &[S + A/F] i,jOJ0COM . (40.13)
In (40.13), KD(i,j) isthe Kronecher delta: it is oneif i=j and zero otherwise.

On looking at the TABLO formulas in subsection 18.5k for EPS(i) and ETA(,j),
we see that the expenditure and price easticities in E x3 are set according to
(40.12) and (40.13).

Now to derive E x3, al that is required is to check that E detapc and
E d gamma reduce the taste-change term in (40.11) to a3com(i) - ave a3com.
Using simplified notation, we rewrite E_ave a3com, E_dedtapc and E_d gamma
as

a=3S4 (40.14)
5=a-5Aa (40.15)
and
vi=(1+¢&/F)(a-a) . (40.16)

Our task isto show that

V- &% SY-(1Fe&d=a-a, iOCOM. (40.17)
To establish (40.17), we substitute (40.15) and (40.16) into the LHS obtaining
LHS=(1+e&/F)(a-a)-&6Z§(1+&/F) (- 2a)- (VP & (a-Zha) -
(40.18)
By using (40.12) and (40.14) and recalling that the sum of the 4; is one, we find
that LHS simplifies, asrequired, to g - a.

Thus we have shown that E_x3, together with the related dasticity formulas in
subsection 18.5k, is derived from (40.1) — (40.3) with the movements (& and y;) in
the 2G preference variables A and T restricted by the G variables g according to
(40.14) to (40.16). What are the implication of these restrictions for the
movementsin A; and 1?2

For answering this question it is convenient to assume that I; is not zero. Then
(40.8) implies that

% changeI'; = (/) (X3()/Q) , (40.19)
and via (40.9), (40.12) and (40.16) we find that
%changel; =& -a . (40.20)

Normally, we expect a to be close to 2 Akayx, implying [via (40.15) and
(40.20)] that the percentage changes in I'; and A; are approximately the same.
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Thus, when we impose a 10 per cent shift in consumer preferences in favour of
good i (g —a=10), then providing T is not zero, we are assuming that there is
an increase of approximately 10 per cent in A; combined with an increase of 10
per centin ;.

The final issue to be considered in this subsection is the updating of I'; and A;.
Thisis straight forward for A; [DELTA(i) in the TABLO code]. Values are read
from the data file EXTRA and updated using deltapc.58

For I'; we have followed a different approach. Because I'; involves quantity units,
it is awkward to transfer estimates of its level from econometric studies into our
modd. Instead we use an estimate of F [FRISCH in the TABLO code]. Thisisread
from the data file EXTRA. Then, as we have already seen, expenditure and price
eladticities are computed in subsection 18.5k using formulas not involving I';. The
closest the TABLO code comes to an explicit representation of I is in the
coefficient SS3COM(i), computed in subsection 18.5k. In terms of the notation of
the present section,

SSICOM(i) =S+ A/ F . (40.21)
By summing (40.21) over al i, we obtain

F =-1(1- £;SS3COM(j)) . (40.22)
We also see[via (40.10)] that (40.21) implies:

SS3COM(i) = P3(i) I'; /(C/Q) . (40.23)

From (40.22), (40.23) and (40.8), we find that when P3(i), I';, C and Q change, the
new value of F isgiven by

Frew = -100/[100-%{ SS3COM (j)0ia(100 + p3(j) - ¢+ Q) + S aa Y}] . (40.24)
In the TABLO code (subsection 18.7), we use (40.24) in updating FRISCH.

40.2. Derivation of E x3cs and interpretation of the taste-change variables
a3csand twist_src

In the second stage of the consumer utility maximization we solve, for each il]
COM, aproblem of the form:

choose X3Cs(i,s), SOSOURCE,

to minimize 25 P3CY(i,5)X3CY(i,s) subject to (40.2).

68 The A s should sum to one. As can be seen in subsection 18.5k of the TABLO code, we make sure that
this happens by normalizing the values read for DELTA(i) by Formula (Initial) statements.
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That is, we determine the combination of domestic and imported good i which
generates the household sector's overall consumption of i [X3(i)] at minimum cost.

This second stage problem has the same form as the cost-minimization problem
(38.1)-(38.2). By following the steps in section 38, we arrive at an equation similar
to (38.11). We write this equation as

x3s(i, ) = xJ(i) ~ SIGMAZ(i)[pes(i, ) ~ X (i, t)p3es(i, 1)
+b(i,s) ~ SIGMA3(i)[b(i,s) - = (i, t)b(i, 1)] , SCISOURCE (40.25)

where
x3cs(i,s), x3(i,), p3cs(i,s) and b(i,s) are the percentage changes in the
corresponding uppercase variables;
SIGMAZ3(i) is the household sector's dasticity of substitution between the two
sources of good i; and
S(i,t) is the share of good (i,t) in household expenditure on i
(SOURCE_SH3(i,t).in the TABLO code).

Provided SIGMAZ3(i) is not precisaly one, we can arrive at E_x3cs by restricting
the (i,5)-using changes in household preferences according to

b(i,s) = a3cs(i,s) — 2t i, t)adces(i, t) +C(i,s)* twist _src(i), SHSOURCE (40.26)

and
C(i,s) = —~(SOURCEDOM (s) - (i,dom) )/(1- SIGMA3(i)), sOSOURCE , (40.27)

and then substituting into (40.25).5° Restrictions (40.26) and (40.27) not only
underlie E_x3 but also have the desirable implication that

Zt S, )b(i,) =0 (40.28)
which is necessary and sufficient for preserving the intuitively natural relationship
2 S(i,t)x3cs(i, t) = x3(i) . (40.29)

Continuing to assume that SIGMAZ3(i) is not equal to one, we see that the "a"
variables in E_x3cs can now be interpreted as follows: a3cs(i, dom) = 1 implies a
good-(i, dom)-using change in preferences of S(i, imp) per cent combined with a
good-(i, imp)-using change in preferences of -S(i, dom) per cent. The same change
in preferences is generated with twist_sre(i) = -(1-SIGMA3(i)). Similarly,
a3cs(i, imp) = 1 implies a good-(i, imp)-using change in preferences of (i, dom)
per cent combined with a good-(i, dom)-using change in preferences of -S(i, imp)
per cent. This change in preferences can be generated by twist src(i) =

69 As defined in subsection 20.3, SOURCEDOM(S) is 1 for s= dom and O for s= imp.
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(1-SIGMAZ(i)). Thus, the "a" variables and twist_src give alternative methods of
imposing identical twistsin household preferences between domestic and imported
goods.

If SIGMA3(i) is equal to one, then non-zero values for a3cs(i,s) have no effect.
To impose shifts in domestic/import preferences we must use twist src(i).
However, when we do this, there is no easy interpretation in terms of the
underlying domestic/import preference function, (40.2), of the taste changes
imposed.

40.3. Derivation of E_p3
Finally, we note that the minimum cost to households of a unit of good i [P3(i)] is
given by

P3(i) = 25 P3CS(i,5)X3CK(i,s) / X3(i) (40.30)

where X3CS(i,s) and X3(i) are the utility maximizing consumption levels for good
(i,s) and good i. From (40.30) we obtain

p3(i) = Z(p3es(i, 9) +x3c8(i,9)) S(0,9) - x3(i) - (40.31)

By using (40.29) we can simplify (40.31) to E_p3.

41. Appendix: the theory underlying the export demand equations
(E_x4_TRADEXP), discussed in section 23

This appendix provides theoretical background for the export demand equations,
E x4 TRADEXP, in subsection 18.8f. The issues of particular concern are: (a) the
interpretation of the parameter EXP_ELAST(i) and theusein E_x4 TRADEXP of
f.o.b. prices [pe(i)] for exports rather than purchasers prices in foreign countries,
and (b) the interpretation of horizontal [feq(i) + feq general] and vertical [fep(i)]
shiftsin export demand curves.

Our theory underlying E x4 TRADEXP starts with the following specification
of behaviour by foreign users of Australian good i: foreigners choose X 4(i) and
Xg(i) tominimize

Pa(i)Xa(i) + Ry ()Xo (i) (41.1)
subject to R(i) = CES(X 5(i)/ B4 (i), X o(i)/Bo i) (41.2)

where
P,(i) and P,(i) arethe purchasers pricesin foreign countries of good i from
Australiaand good i from alternatives sources,

Xal(i) and Xq(i) are foreign demands for good i from Australia and good i
from alternative sources,

B,(i) and By(i) are variables alowing for changes in foreign preferences for
good i from Australia and good i from alternative sources,
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R(i) isforeign requirementsfor good i; and
CEY(...) denotes CES function.
From problem (41.1)-(41.2)70, we obtain
Xa(i) =) ~ @(i)So () (Pa(i) = Po(i)) +bali) - i)So()(bali) ~bo() . (41.3)
where
@(i) is the foreign dasticity of substitution between Australian and alternative
sources of supply of good i;

So(i) isthe share of non-Australian sources in foreign purchases of good i;
and

Xa(1), r(), pa(), po(i), ba(i) andby(i) are percentage changes in the
variables denoted by the corresponding upper-case symbols.

Next we break pg(i) into two parts, associated with: (&) the percentage change
[pe(i)] in the foreign-currency f.o.b. price; and (b) the percentage change [q(i)] in
the unit charges (including transport costs and tariffs) separating Australian ports
and foreign sites at which Australian good i isused. This gives

Pa(i) = Ston (i) Pe(i) *+[L- Srop (V)] a(i) (41.4)

where Ssqp (i) isthe share of thef.o.b. price of Australian good i in its purchaser’s
pricein foreign countries.

The final component in our theory is an equation for percentage movements
[r(@)] in world requirements for good i. We assume that world demand for i
responds to movements in the world price for i relative to a general index of the
prices of all goods. The world price of i is an average of the prices of Australian
good i and good i from other sources. Thus, we write:

(i) = g(i) + N[~ S, (1)) pa(i) +So ()P, (i) ~ wint] (41.5)
where

g(i) isthe horizontal shift in the world demand curve for good i;

n(i) isthe dasticity of world demand for good i; and

winf isthe world rate of inflation.

On substituting from (41.4) and (41.5) into (41.3), and bringing the notation into
linewith that in the TABLO code, we obtain E_x4 TRADEXP:

x4(i) = EXP_ELAST(i)[pe(i) - fen(i)] +feq(i) +feq_general (41.6)

70 We have not set out the algebra which takes us from (41.1)-(41.2) to (41.3). It isthe same as that which
took usfrom (38.1)-(38.2) to (38.11). However, (41.3) isset out differently from (38.11) in two ways. Firgt,
in (41.3) we are concerned with the demand for the product from only one of the sources (Australia).
Second, in the price and technology substitution termsin (41.3), we have recognized that 1 - Si(i) = S(i)
where S(i) isthe Augtralian sharein foreign purchases of good i.
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where
X4(i) = x5(1) (41.7)
EXP_ELAST(i) ={n(i)[1-So ()] - i)S, (0} Stop(i) . (41.8)
feq(i) +feq_general = g(i) + by (i) — @(i)So ()[ba(i) ~ bo ()] (41.9)
and

fep(i) = ~[(1~ Ston 1))/ Srop ()] (i)
~[ ()3, (i) + @(i)S, ()] / EXP_ELAST(i)] po (i) +[n(i)/ EXP_ELAST ()] winf .
(41.10)

MONASH does not contain equations or data to determine the coefficients on the
RHS of (41.8). Consequently, as mentioned in section 23, we treat
EXP_ELAST(i), the foreign easticity of demand for good i, as a parameter. In
most foreign markets, Australian commodities account for only a small share of
sales [So(i) isclose to]] and face considerable competition from substitutes

produced in other countries [((i) islarge]. If Sgqp (i) 1S0.7, Sq(i) iscloseto 1 and

(i) = 6, then we abtain our typical valuefor ELAST EXP(i) of -4.

For a few commodities (most notably wool), the Australian variety is both
digtinctive [@(i) is low] and occupies a major share of foreign markets [Sy(i) is
comparatively low]. For such commodities, values for ELAST_EXP(i) smaller in
absolute value than 4 are appropriate. For example, if (i) = 3.2, S(i)= 0.5,
Siop(i) =0.7 and n(i) =-0.5, then ELAST_EXP(i) = -1.3. This is the value we
are currently using in MONASH for the export demand dasticity for wool.

In (41.9) and (41.10) we have treated changes in quantity and preference
variables as horizontal shifts in export demand curves and changes in price
variables as vertical shifts. Other allocations of variables between these two
categories could have been chosen. Given our choice, horizontal shifts (feq(i) +
feg_general) in the export demand curve for Australia's good i are associated with
changes in world demand for i [g(i)] and shifts in foreign preferences towards or
away from Australia's variety of good i [ba(i), bo(i)]. Vertical shifts [fep(i)] are
associated with: (a) movements in unit costs [q(i)] separating Australian ports of
exit and foreign sites of use; (b) movements in foreign markets in the prices
[po(i)] of products competing with Australia's good i; and (c) movements in the

world's overal price levd [winfl. With typica values for
Siob (i), @(i), n(i) and Sy (i) , say 0.7, 6, -0.5 and 0.95, the values of the coefficients

on q(i), po(i) and winf in (41.10) are -0.429, 1.304 and 0.125. These coefficient

values imply that: a one per cent increase in transport, tariff and other separating
costs per unit of export of good i from Australia generates a vertical downward



412 Dynamic General Equilibrium Modelling for Forecasting and Policy

shift in the export demand curve for Australia's good i of 0.429 per cent; a one per
cent increase in world prices of products competitive with Australids good i
produces a vertical upward shift in the export demand curve for Australia's good i
of 1.304 per cent; and a one per cent overall increase in the world price level
produces a vertical upward shift in Australia's export demand curve for good i of
0.125 per cent.

In many MONASH applicationsit is appropriate to set the vertical shift fep(i) in
the export demand curve for good i at the world rate of inflation. Thisis justified if
the percentage movementsin (i), po(i) and winf are the same. [Notice in (41.10)
that the sum of the coefficients on q(i), po(i) and winf is one] If we wish to
smulate the effects of movements in either q(i) or py(i) which are different from
the world rate of inflation, then we can use (41.10), outside MONASH, to compute
the appropriate value for fep(i) to be applied as a shock inside MONASH.
Alternatively, we could include (41.10) in the model with q(i), py(i) and winf as
explicit exogenous variables, and fep(i) as an endogenous variable.

42. Appendix: zero pure profits in production; the definition of technical
change by industry; the GDP identity; and the income-side definition of the
percentage change in real GDP

In this section we: (a) derive the zero-pure-profits and the technical change
equations, E_z, E_a JP and E_a UP, in subsection 18.8j; and (b) establish that
MONASH satisfies the GDP identity in both nominal and real terms.

As discussed in section 27, the MONASH equations for zero pure profits in
production (E_z) take the form

po(i) = &) + pal) + zzT—l(wj)(J)j
where

Po(j) is a revenue-weighted average of the percentage changes in the prices
received by industry j for its products;

a(j) is an aggregation [defined in E_a JP and E_a UP] of technical changes
affecting industry j’ s production function;

p:(j) is a weighted average of the percentage changes in the prices paid by
industry j for its inputs with the weights being input sharesin total input costs
(i.e., costs excluding production taxes); and

M(@) and 11j) are the level and percentage change of the power of the
production tax.

In subsections 42.1 (for joint-product industries) and 42.2 (for unique-product
industries), we show how the MONASH equations of the form (42.1), together
with the MONASH equations for a(j), are equivalent to the more basic zero-pure-
profits condition:

* 1) jOIND,  (42.1)
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revenue(j) = costs(j), JjOIND (42.2)
where revenue(j) and costs(j) are percentage changesin j’ s revenue and costs.

The demonstration is long and tedious because of the occurrence in MONASH of
multi-industry commodities and multi-commodity industries, and the detailed
treatments of taxes, margins and purchasers prices. In working through the
algebra it is helpful to keep in mind that our strategy is as follows. First we show
that (42.2) can be represented as:

poli) + 2 H(i.j)*x0(1.j) = pa(i) + 2oS(ai)*xL(a)) + L

m* mj), (4233

where
H(i,j) isthe share of |’ s revenue generated by sales of commaodity i;

S(q,j) is the share of j's input costs (costs excluding production taxes)
accounted for by input g

x0(i,]) isthe percentage changein j’'s output of i; and
x1(q,j) isthe percentage changein j’ sinputs of q.

Then, on comparing (42.3) with (42.1), we see that one way to demonstrate their
equivalenceis to show that

a(i) = - 2., H(i.j)*x0.j) + ZqS(q,j)*Xl(q,j) : (42.4)
We eventually derive (42.4) by going to the commodity-supply and input-demand
equations in MONASH and showing that these imply:

- 20 H(i)*X0(0 ) = - 2() + aof)) (425)

2.S(@)*x1(a) = 2() + a() (42.6)
and

a(j) = ao(j) + au() (42.7)
where

z(j) isthe percentage change in the activity level in industry j; and
a(j) and ay(j) are amalgams of technical change terms.

Because we always start MONASH simulations with balanced input-output data,
an implication of the work in subsections 42.1 and 42.2 is that the levels form of
(42.2) holds throughout MONASH multi-step smulations, i.e.

REVENUE(j) = COSTS(j) jOIND.  (42.8)

By combining (42.8) with market-clearing conditions, we show in subsection 42.3
that MONASH will always satisfy the nominal GDP identity both in levels and
percentage changes, i.e., we show that throughout MONASH computations,

GDPEX = GDPIN and gdpexp = gdpinc (42.9)
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where
GDPEX and GDPIN are GDP calculated in MONASH from the expenditure
and income sides of the national accounts, and

gdpexp and gdpinc are percentage changes in GDPEX and GDPIN.

Finally, in subsection 42.4, we extend the algebra underlying (42.5) to (42.7) to
validate the income-side definition of real GDP given in E_gdprealinc (subsection
18.8l). We prove that gdprealinc defined in this equation is equal to the percentage
change in real GDP defined in E_gdpreal, that is we show that MONASH satisfies
the GDP identity in real terms.

42.1. Derivation of E_zfor joint-production industries

For joint-production industries (jOIND_JP), the zero pure-profits condition, (42.8),
can be written as:

2 rcov e MAKE(i,)) = Zircow 2s PURCHVALI1(,sj) + LABIND_J()

+ CAPITAL()) +LAND(j) + OTHCOST(j) + TAX0(),  jOIND_JP , (42.10)

where the coefficients MAKE, PURCHVALL, etc. are defined in cross-hatched
comments in subsection 18.3. The LHS of (42.10) isindustry j's revenue cal culated
as the sum of j's sales over all commodities i in the set COM_JP. The RHS of
(42.10) is j's costs calculated as the sum of the costs to j of: intermediate inputs;
labour; capital rentals; land rentals; other costs; and production taxes.

Expressing each sale and input cost in (42.10) as the product of a price and
guantity, and recognizing that production taxes are a rate (a power minus one)
times revenue, we obtain after some rearrangement another representation of
(42.8) for joint-product industries:

(2-POW_TAXO0(j))* Zircom_» PODOM(i)* XOCI(i j) =

2 ircom 2sPLCSI(i,5))* X1CSI(i,8,)+ 2qgqroce PLLABOI(qq,j)* X ILABOI(qa,))
+ PICAP(j)* CAP_AT_T(j) + PLLAND(j)*N(j) + PLOCT(j)*X10CT(j),

jOIND_JP, (42.11)

where the meaning of the notation can be deduced from cross-hatched comments
in subsection 18.6. For example, in subsection 18.6 we see that pOdom(i) is the
percentage change in the basic price of commodity i. Thus, in (42.11), PODOM(i)
isthe basic price of commodity i.

In percentage-change form, (42.11) can be written as:

ZiD(:OM_JP HOCI(i,j)* podom(i) = W(j)

+ [U(COSTS(j) - TAX0())]*{ 2i Zs PURCHVALL(i,sj)*plcsi(i,s,j)



Explanation of theMONASH equations 415

+ 2 4q LABOCCIND(q,j)* pLlaboi(qq,j) + CAPITAL(j)* plcap()

+ LAND(j)* pll and(J) ...equation continues

POW _TAXO0())
(2- POW_TAXO0(j)

+100* ROTHCOST (j)* del_ploct(j)} + )* powtax0(j)

jOIND_JP, (42.12)

where
W) = - Zircom s HOCI(ij)*x0ci(i )
+ [1/(COSTS(j) - TAX0(j))]* {Z; Zs PURCHVAL1(i,s,j)*x1csi(i,s))

+ 2 4q LABOCCIND(q,j)* xlaboi(qq,j) + CAPITAL(j)*cap_at_t(j)

+ LAND(J)*n(j)+ OTHCOST (j)*x1oct(j)} for jOIND_JP. (42.13)
All the coefficientsin (42.12) and (42.13) are defined in subsection 18.3. In terms
of the strategy outlined earlier for establishing E_z, (42.12) and (42.13) taken
together are the equivalent of (42.3).

Our aim in this subsection is to show that (42.12) and (42.13) are implied by
E_z, jOIND_JP, together with all the equations in subsection 18.8 excluding E_z
for jOIND, and that E_z, jOIND_JP, is implied by (42.12) and (42.13) together
with all the equations in subsection 18.8 excluding E_z for jOIND i.e., we aim to
show that

M + E_z(jOIND_JP) = (42.12) and (42.13) ()
and

M + (42.12) and (42.13) = E_z(jOIND_JP), ()

where M is the set of MONASH equations in subsection 18.8 excluding E_z for
jOIND. By establishing (I) and (11), we will have shown that
M + E z(jOIND_JP) = M + (42.12) and (42.13) .

In other words, we will have shown in the context of the MONASH modd that
representing the zero-pure-profits conditions for joint-product industries as E_z
(JOIND_JP) is equivalent to representing them as (42.12) and (42.13).

On inspecting (42.12), and E_pOind ! and E_z in subsection 18.8j, we see that
both (1) and (I1) can be proved by showing that:

7l Recall that joint-product industries produce only joint-product commodities. Hence, for jOIND_JP,
zijcoM_JP HOCl(l,])*mem(l) = zijCOM HOCl(l,])*mem(l)
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M= y(j) = a(j) for al jOIND_JP (42.14)
where Y(j) is defined by (42.13) and &(j) is as defined in E_a JP. In terms of the
strategy outlined earlier for deriving E_z, establishing (42.14) corresponds to
establishing (42.4). Our task for the remainder of this subsection is to establish
(42.14).

Thisrequires us to study each of the terms on the RHS of (42.13) starting with

Term(1) = - ZiDCOM_Jp HOCI(i,j)*x0ci(i,j), jOIND_JP.
From E_x0ci [in subsection 18.8a], we find that

Term(1) = -2i1com_p Zeicompeom HOCI (i,j)* CCPROD(i ,j,cc)* xOccom(cc,)

+ZiDCOM_Jp HOCI(i, j) * [aOcom(i) +aOCi(i,j)] , jOIND_JP. (42.15)
In deriving (42.15), we recognized that
3% HOCI(i,j)* CCPROD(i,j,cc)* SIGMA(cc,j)*
[B(i) - £ CCPROD(i,j,cc)* CCPROD(ii,j,cc)* SOC(ii,j)*B(ii)] =0, jOIND_JP,
(42.16)
where (3(i) can be interpreted as either pOdom(i) or [-aOcom(i) - &0ci(i,j)]. In

demonstrating (42.16), it is helpful to note from the formulas in subsection 18.5¢
that

HOCI (i,j)* CCPROD(i,j,cc) = HOCC(cc,j)* SOC(i,j)* CCPROD(i,j,cc)  (42.17)
and

2., CCPROD(i ,j,cc)* SOC(i j) = 2; CCPROD(i,j,cc)®>*S0C(i,j)) =1 . (42.18)
Next we note that > HOCC(cc,j) =1. Using this together with (42.17) and
(42.18) and substituting from E_xOccom [subsection 18.84] into (42.15) gives
Term(D) = -z(j) +a0ind(j) + >, HOCC(cc, j) * abccom(c, j)

+Ycom  pHOCI(i, 1) * [a0com(i) +a0ci(i, j)] - (42.19)
In deriving (42.19), we recognized that’2
2. HOCC(cc,j)* SIGOCC(cej)* [B(cc,j) - 2« MHOCC(t,j)* B(t.j)]

72 1t is helpful to note from subsection 18.5¢ that ¥, .HOCC(cc,j)*SIGOCC(cc,)=SUMSIG(), and that
SUMSIG(j)*MHOCC(t,j)=HOCC(t,j)* S| GOCC(t,j) .
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= 2 .« HOCC(cc,j)* SIGOCC(ce,j)* B(ce,j) - SUMSIG(j)* 2 MHOCC(t,j)* B(t,j)

=2 HOCC(cc,j)* SIGOCC(cc,j)* B(cc,j) - 2 HOCC(t,j)* SIGOCC(t,j)* B(t,j) = O ,

where 3(cc,j) can beinterpreted as either pOccom(cc,j) or adccom(cc,j). In terms of
the strategy outlined earlier for establishing E_z, (42.19) corresponds to (42.5).
The second term on the RHS of (42.13) is

Term(2) = [L/(COSTS(j) - TAXO(j))]* ¥ X PURCHVAL(i,s, j)* x1csi(i,S, ).

(42.20)
Using E_x1csi [from subsection 18.8b], we obtain

Term(2) = [1/(COSTS(j) -TAX0(j))]*{ 2 TPURCHVAL(i j)* [z() + al(j)
+ alci(i,j)] +2; 2s PURCHVALL(i,sj)*alcsi(i,s,)
+2 i rranserv PURCHVAL (I, imp,j)*f1_trans(j)

+ZiDCOMMUN.CAT PURCHVALI1(i, imp,j)*f1_commun(j)} . (42.21)
In deriving (42.21), we recognized that
2, 2 PURCHVALI1(i,s,j)* SIGMAL(i)

*{B(i,s]) - 2« SOURCE_SHR1(i t,))*B(i )}
= 2, TPURCHVAL1(i,j)* SIGMAL1(i)
*{Zs SOURCE_SHR1(i,s,j)* B(i,sj) -Z SOURCE_SHRI(i,t,j)*B(i.t.))} =0,

where 3(i,s,j) can beinterpreted as either plcsi(i,s,j) or alcsi(i,sj), and that
2.2 PURCHVALI(i,s})

*[ SOURCEDOM(s)-SOURCE_SHRA(i, dom,j)]*twist_src(i)

=2, TPURCHVAL1(i j)*twist_src(i) * 2 SOURCE_SHRI(i,s,j)
*[ SOURCEDOM(s) - SOURCE_SHR(i, dom, j)]=0.
Thethird term on the RHS of (42.13) is
Term(3) = [1/(COSTS(j) - TAXO(j))] * ¥ 4q LABOCCIND(qg, j) *x1laboi(qa,])

(42.22)
Using E_x1laboi [from subsection 18.8c], we aobtain
Term(3) = [1/(COSTS(j) -TAX 0(j))]* LABIND _J(j)* labind(j)
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(42.23)
In deriving (42.23), we used the formula from subsection 18.5i that states that
> qq LABOCCIND(qg, j) = LABIND _J(j)

In addition, we recognized that
2 L ABOCCIND(qg,j)* allaboi(qa) -

2 .(LABOCCIND(qq,j) Z-[LABOCCIND(m,j)/LABIND_J()]*allaboi(m,j) = 0
and that’3
2 ,(LABOCCIND(qq,j)* SIGMA1LABOCC(qq,j)* B(qa.i)

- [ZLABOCCIND(qa,j)* SIGMA1LABOCC(qa,j)]*

[ZSSTARLILABOCC(m,j)* B(m,j)]

> . LABOCCIND(qq,j)* SIGMA1LABOCC(qa,j)* B(qaj)
qq

- 2 m CRESHSUMZ2(j)* SSTARILABOCC(m,j)* B(m.j)
= 2., LABOCCIND(qq,j)* SIGMA1LABOCC(qq,j)* B(qa.i)

- 2, LABOCCIND(m,j)* SIGMA1LABOCC(m,j)* B(m,j) =0,

where 3(qq,j) can be interpreted as either pllaboi(qg,j) or allaboi(qq,j).
Together, the third, fourth and fifth terms on the RHS of (42.13) can now be
written as

Terms(3 to 5) =[1/(COSTS(j) - TAXO())]*

{LABIND_J(j)*labind(j)+CAPITAL(j)*cap_at_t(j)+LAND())*n(j)} . (42.24)
Using E_labind, E cap at t and E_plland [from subsection 18.8c], we obtain
Terms(3to 5) =

[1/(COSTS(j)-TAX0())]*{ TOTFACIND(j)*[z(j)+al(j) + aLprim(j) + alprimgen]
+ LABIND_JX()*[allab(j) + allabgen] + CAPITAL(j)*alcap(j)

73 tishe pful to note from subsection 18.5m that

CRESHSUM2(j) = X LABOCCIND(qg,j)* SIGMA1LABOCC(qg,j)
and that SSTARILABOCC(m,j) = LABOCCIND(m,j)*SIGMA1LABOCC(m,j)/CRESHSUM2(j).
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+ LAND(j)*alland(j)}. (42.25)
In deriving (42.25) we used the formula from subsection 18.5i that states that
TOTFACIND(j)=LABIND_Jj)+CAPITAL(j)+LAND(j) .
In addition, we recognized that’4
- LABIND_J(j)*SIGMA1LAB(j))*a - CAPITAL(j)*SIGMAL1CAP()*B
- LAND(j)* SIGMA1LND(j)*y
+[LABIND_Jj)* SIGMA1LAB(j)+CAPITAL(j)* SIGMA1CAP()
+LAND(j)* SIGMA1LND(j)] * [SSTARLFAC(labour j)* o

+ SSTARLFAC(capital ,j)* B+SSTARLFAC(land,j)*y] =0 , (42.26)
for any values of a, 3 and y. In particular, (42.26) holds when
a = pllah(j), B = plcap(j) and y = plland(j) ,
and when o = (allab(j) + allabgen), 3 = alcap(j) and y = alland(j) .
Finally, we recognized that’>
{LABIND_J(j)* SOURCE_SHRLK (capital j)

- CAPITAL(j)* SOURCE_SHRLK (labour,j)} *twistlk(j)= 0 . (42.27)
The last term on the RHS of (42.13) is
Term(6) = [L/(COSTS(j)-TAXO0(j))]* OTHCOST (j)*xloct(j) . (42.28)

From E_x1oct [in subsection 18.8b], we obtain

Term(6) = [L/(COST S(j)-TAXO0(j))]* OTHCOST (j)*[z(j)+al(j)+aloct(j)] . (42.29)
In terms of the strategy outlined earlier for establishing E_z, (42.21), (42.25) and

(42.29) combined corresponds to (42.6).

Using the expressions in (42.19), (42.21), (42.25) and (42.29) for Term(1),
Term(2), Terms(3 to 5) and Term(6), we find that

W(j)=- z(j) + a0ind(j) + 2 HOCC(cc,j)* a0ccom(cc,j)

+ ZiD(:OM_JP HOCI(i,j)* [a0com(i) + a0ci(i,j)]

74 | deriving (42.26), it is helpful to note from subsection 18.5m that
LABIND_J*SIGMAILAB(j)+CAPITAL(j)* SIGMA1CAP(j)+LAND(j)* SIGMAILND(j)=CRESHSUM1(j)
and that SSTARIFAC(labour,j)=LABIND_J(j)* SIGMA1LAB(j)/CRESHUMA(}),

SSTARIFAC(capitdl j)=CAPI TAL (j)* SIGMALCAR()/CRESHUM1(j),
and SSTARIFAC(land,j)=LAND(j)* SIGMAILND(j)/CRESHUM1(j) .

75 | deriving (42.27), it is helpful to note the definition in subsection 18.5m of SOURCE_SHRLK.
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+ [U(COSTS(j)-TAXO0())]*{ 2 TPURCHVALL(i))]*[z() + al(j) + alci(i.j)]
+ 2, 2,PURCHVALL(i,s)*alcsi(i,s,)
+ 2irmranserv PURCHVALL(, imp, j)*f1_trans(j)

+ 2 incommunicar PURCHVALL(, imp,j)*f1_commun(j)}
+ [1/(COSTS(j)-TAXO0(j))]*{ TOTFACIND(j)*
[z(j) + a1(j) + alprim(j) + alprimgen] + LABIND_J(j)*[allab(j) + allabgen]
+ CAPITAL(j)*alcap(j) + LAND(j)*alland(j)}
+ [Y(COSTS(j)-TAXO0(j))]* OTHCOST (j)*[z(j) + al(j) + aloct(j)] ,
JjOIND_JP.  (42.30)

The RHS of (42.30) can be smplified using the formulain subsection 18.5j which

implies that:

COSTS(j) - TAXO0(j) = Z; TPURCHVAL1(i,j) + TOTFACIND(j) + OTHCOST(j) .
(42.31)

Applying (42.31) in (42.30) we find that the z(j) terms cance and that the
coefficient on al(j) is one. Thus, we find that the RHS of (42.30) is the same as a(j)
given by E_a JP. This corresponds in our strategy outlined earlier to establishing
(42.7).

Having now demonstrated that (j) = a(j), that is having established (42.14),
we have compl eted the proof of (I) and (I1).

42.2. Derivation of E_zfor unique-product industries

For unique-product industries (jOIND_UP) the zero pure profits condition can be
written as

2. ncom upMAKE( j) = 2 Z,PURCHVAL1(i,s,j)+LABIND_J()
+ CAPITAL(j) + LAND(j) + OTHCOST(j) + TAX0(j) , jOIND_UP, (42.32)
which leads to:

(2-POW_TAXO0(j))* Zizcom_up PODOM (i)* XODOM (i)* HOCI (i j) =
3 rcom Zssource PLCSI(1,8)* X1CSI (i 5,)
+ qumocc P1LABOI(qq,j)* X1LABOI(qq,j)
+ PLCAP(j)*CAP_AT_T(j) + PLLAND(j)*N(j)
+ P1OCT (j)* X 10CT(j) , jOIND_UP, (42.33)
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where HOCI (i ,j) is one if industry j produces commodity i and zero otherwise. A
percentage-change form of (42.33) is.

ZiDCOM_UP HOCI(i,j)* p0dom(i) = ()
+ [1/(COSTS(j) - TAXO())] *{ Zi Zs PURCHVALL(i,s,j)*plcsi(i,s))

+2_4q LABOCCIND(qq,j)* pllaboi(qa,j) + CAPITAL(j)* plcap(j)
+ LAND(j)* pLland(j) +100* ROTHCOST (j)*del_poct(j) }

POW _TAXO0(j)

(2- POW_TAXO0(j)
where

@) = - Ziccom_up HOCI(i j)*x0dom(i)

+ [U(COSTS(j) - TAXO0())]*{ 2i Zs PURCHVALL(i,s)*x1csi(i,s,)

)* powtax0(j) , jOIND_JP, (42.34)

+2_4q LABOCCIND(qa,j)* x1laboi(qq,j) + CAPITAL(j)*cap_at_t(j)

+ LAND(J)*n(j) + OTHCOST (j)* x1oct(j) } for jOIND_UP. (42.35)
Our aim in this subsection isto show that
M + E_z(jOIND_UP) = (42.34) and (42.35) (1n
and
M + (42.34) and (42.35) = E_z(jOIND_UP) , (1v)

where M is, as before, the MONASH eguations excluding E_z for all jOIND. By
establishing (111) and (1V) we will have shown that
M + E z(jOIND_UP) = M + (42.34) and (42.35).
In other words, we will have shown in the context of the MONASH modd that
representing the zero-pure-profits conditions for unique-product industries as E_z
(JOIND_UP) is equivalent to representing them as (42.34) and (42.35).
On inspecting (42.34), E_pOind 76 and E_z we see that both (111) and (1V) can be
proved by showing that
M =q(j) = a(j) for al jOIND_UP (42.36)
where ¢(j) is defined by (42.35) and &(j) isasdefined in E_a UP.
Thefirst term on the RHS of (42.35) is

Term(1) = - 2incom_ue HOCI(i,j)*x0dom(i) . (42.37)

76 Recall that unique-product industries produce only one-industry products. Hence, for jOIND_UP,
zijCOM_UP HOCI(I,])*pOdom(I) = zijCOM HOCI(I,])*pOdom(I)
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From E_x0dom_UP [in subsection 18.8a], we find that
Term(1) = - Zincom_up HOCI(i,j) Zicmp_up BOCI(i K)*[2(K) - a0ind(k) - adcom(i)]

= 'ZiDCOM_UP ZkDIND_UP HOCI(i,j)*BOCI (i,k)*[z(k) - a0ind(k) - a0com(i)]
= ‘ZiDCOM_UP HOCI(i,j)*[z(j) - a0ind(j) - aOcom(i)]

=-z(j) + a0ind(j) + ZiDCOM_up HOCI (i j)*a0com(i) . (42.38)

For Terms 2 to 6 on the RHS of (42.35) we can derive identical expressions to
(42.21), (42.25) and (42.29). Combining these expressions with (42.38) leads
eventually to (42.36), and therefore to the completion of our derivation of (111) and
(V).

Together (1) — (IV) establish in the context of the other equations in MONASH
that E_z is alegitimate representation of zero pure profitsin production.
42.3. Derivation of the GDP identity both in levels and percentage changes
At the start of any MONASH computation (42.10) and (42.32) are satisfied,
reflecting the first balance condition in our input-output data, see subsection 12.1.
The previous two subsections show that the MONASH equations imply (42.12),
(42.13), (42.34) and (42.35). These are percentage change versions of (42.10) and
(42.32).77 This means that (42.10) and (42.32) will be satisfied at every step of a
multi-step MONASH computation.

By adding (42.10) over al jOIND_JP and (42.32) over al jOIND_UP, then
aggregating the results and drawing on various formulas especially in subsections
18.5c and i, we obtain:

2. ncow MAKE_SALES(i) = 2 2; 2 PURCHVAL1(i,s,j)
+ AGGLAB + AGGCAP + AGGLND + AGGOCT + ¥, TAX0(j) . (42.39)

Our initial input output data satisfy: 78
MAKE_SALES(i) = SALES(i) , iJCOM . (42.40)

77 Equations (42.12), (42.13), (42.34) and (42.35) are a percentage change version of (42.11) and (42.33).
Can we be sure that they are a percentage change version of (42.10) and (42.32)? In other words, can we be
sure that throughout MONASH computations: MAKE(i,j) equals PODOM*XOCI(i,j); PURCHVALA1(i,sj)
equals P1CSI(i,sj)*X1CSI(i,s)); etc? As explained in subsection 12.2, by adopting smple conventions
regarding quantity units, we can be sure that these relationships are satisfied in our initial solution, V (0),
for year 0. Via update statements and formulas, they continue to be satisfied in subsequent solutions. For
example, in subsection 18.7, we see that the movement in MAKE(i,j) reflects the movements in PODOM(i)
and XOCI(i,j).

78 Thisisthe second balance condition, see subsection 12.1.
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Via the formula for SALES(i) in subsection 18.5j, the market-clearing equations
E_pOdom_NM and E_pOdom_M in subsection 18.8i, and the update statements for
BAS1, BAS2,..., MAR1, MAR?2,..., etc. in subsection 18.7, we see that changesin
SALES(i) in multi-step MONASH solutions reflect the percentage changes in the
basic price and quantity of domestic commodity i [pOdom(i) and xOdom(i)].
Similarly, via the formula for MAKE_SALES(i) in subsection 18.5c, E_x0dom_JP
in subsection 18.8a and the update statements for MAKE(i,j) in subsection 18.7,
we see that the changes in MAKE_SALES(i) in multi-step MONASH solutions
also reflect pOdom(i) and x0dom(i). Thus, (42.40) will be maintained throughout
multi-step MONASH solutions. Combining (42.40) with (42.39), we find that the
equation

> 0cow SALES(i) = 3; %; £, PURCHVAL1(i,s;)
+ AGGLAB + AGGCAP + AGGLND + AGGOCT + ZJ.TAXO( i) (42.41)

will be valid throughout multi-step solutions.
From (42.41), we can quickly move to (12.1) and then to (12.2). This implies
that

GDPEX = GDPIN (42.42)

not only in theinitial database but throughout multi-step solutions.

Having established that GDPEX (defined by a formula in subsection 18.5h) is
aways equal to GDPIN (defined by a formula in subsection 18.5i), we can
conclude that MONASH computations will satisfy

gdpexp = gdpinc (42.43)
where
gdpexp is the percentage change in GDP from the expenditure side (calculated
in E_gdpexp, E_xigdp and E_gdpreal, subsection 18.8); and
gdpinc is the percentage change in GDP from the income side (calculated in
E_gdpinc, subsection 18.81).
42.4. Demonstration that gdprealinc equals gdpreal

Our strategy is as follows. First, we work with (42.13), (42.14), (42.35) and
(42.36) to establish that

ZjDIND (COSTS(J) - TAXO(J))*a(J) =- ZiDCOM SALES(l)*XOdom(l)
+ 2;omo TAXO()*x0ind(j)

+ 20mp 2 2s PURCHVAL1(i,s,j)*x1csi(i,s]) + Primfac (42.44)

where
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Primfac = 2o 2qq LABOCCIND(qg,j)* x1laboi(qq,j)
+ 2o CAPITAL(j)*cap_at_t(j)

+ ZjD.ND LAND()*n(j) + ZjDIND OTHCOST (j)*x1oct(j) . (42.45)
Next we use market-clearing equations to replace x0dom(i) in the first term on the
RHS of (42.44) with percentage changes in demands for domestically produced
good i. Intermediate input demands then cancel with the third term on the RHS,
leaving percentage changes in final demands. After a considerable amount of
algebra, these final demands are aggregated to form gdpreal [as defined in
E_gdpredl]. Finally, after some rearrangements we establish that GDPEX* gdpreal
is given by the RHS of E_gdprealinc, thus demonstrating that gdprealinc is the
same as gdpreal.
We start by noting that (42.13) and (42.14) give:

2 joo_p (COSTS(j) - TAX0()))* ()
= -2 unp_p Zincom s COSTS(j)* HOCI (i j)* xOci(i )
+2 0. Zincom s TAXO(j)* HOCI(i,j)* xOci(i )

+2 b 2i s PURCHVAL(i,s,j)*x1csi(i,sj) + Primfac_JP (42.46)

where
Primfac_JP is given by the RHS of (42.45) except that the sums over | are

restricted to jOIND_JP.
Via (42.10) and the formulain subsection 18.5j for COSTS(j), we see that

COSTS(j) = Zircom_» MAKE( ) |, jOIND_JP.  (42.47)
Hence, viathe formulain subsection 18.5¢c for MAKE_COST S(j), we can write
COSTS(j) = MAKE_COSTS()) , jOIND_JP. (42.48)

Then via the formula in subsection 18.5¢ for HOCI(i,j), we see that (42.46) can be
written as

2 joino_p (COSTS(j) - TAX0()))* alj)
=- ZjDIND_JP ZiD(:OM_JP MAKE(i,j)* xOci(i,j)
+Zjoino_oe TAXO0()* Ziocom_ s { MAKE(i,j)/COSTS(j)} * x0ci(i )

+ 20mp_p 2 2sPURCHVALI(i,sj)*x1csi(i,s,j) + Primfac_JP . (42.49)
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By using the formula in subsection 18.5¢ for BOCI(i,j) together with (42.40) and
E_x0dom_JP in subsection 18.8a, we can simplify the first term on the RHS of
(42.49), and by using (42.47) and E_x0Oind_JP in subsection 18.80, we can smplify
the second term. These simplifications lead to

ijND_Jp(COSTS(j) - TAXO(J))*a(J) =- ZiDCOM_JpSALES(i)*XOdom(i)
+ Primfac_JP + 2o pTAXO()*x0ind(j)

+ 2j0mp_p 2i 2sPURCHVALI(i,s))*x1csi(i,S)). (42.50)

Working with (42.35) and (42.36), we can derive an equation similar to (42.50)
for (COSTS(j) - TAXO(j))*a(j) aggregated over al jOIND_UP. This equation,
together with (42.50), leadsto (42.44) and (42.45).

By subgtituting into (42.44) from the market clearing conditions (E_pOdom_NM
and E_pOdom_M in subsection 18.8i) and from the formulain subsection 18.5d for
PURCHVALA(i,sj), wefind that

2o (COSTS()) - TAX0())*a(j) = -2 com & BASL(r, dom,j)*x1csi(r, dom,j)
-2 rcom 2 BAS2(r, dom,j)*x2csi(r, dom,j) - Z5com BAS3(r, dom)*x3cs(r, dom)
-2 rrcom BASA(N)* XA(r) - 2.5com BASS(r, dom)*x5cs (r, dom)
- 100* 2_,-:com POLEV(r, dom)*d_x6cs(r, dom)
-2 IMARGCOM i s Zj MARL(i,s,j,r)*x1marg(i,s,r)
- 2 OMARGCOM i 25 Zj MAR2(i,s,j,r)*x2marg(i,s,,r)
- 2 OMARGCOM i ZSMAR3(i,sr)*x3marg(i,sr)
- ZrDMARGCOM 2, MARA(i,r)*x4marg(i,r)
- 2 omarecom 2i 2sMARS(i,sr)*x5marg(i,s,r) + 2o TAXO(j)*x0ind(j)
+ 2ncom 2 25 [BASL(r,s,j) + TAX(r,s))

+ 2 KOMARGCOM MARL(r,s,j,K)]*x1csi(r,sj) + Primfac . (42.51)

By continuing to use formulas from subsection 18.5d for purchasers values, by
subgtituting from E_x1marg, ..., E_ x5marg and by cancelling some BASL and
MARL terms, we can rewrite (42.51) as

2, (COSTS(j) - TAXO(j))*a() = - Ziicom Zs 2; PURCHVAL2(r,s,j)*x2csi (1)
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- 2 rcom 2-s PURCHVAL3(r,9)*x3cs(r,9) - 2rcom PURCHVALA(r)*x4(r)

- 2. com PURCHVALS(r,)*X5¢s(r,S) - 100* 2_,c0om 2.5 POLEV(r,s)*d_x6¢S(r,s)
- Techchangemargins + Realtaxes + Realimportshasic + Primfac (42.52)

where
Techchangemargins = 2 IMARGCOM i s Z,— MARL(i,sj,r)*almarg(i,s,,r)
+ 2iomarccom 2 252 MAR2(i,s,r)*a2marg(i,sj.r)
+ 2 IMARGCOM i ZSMARS(i,sr)*a3marg(i S
+ 2 omarccom 21 MARA(,r)* admarg(i,r)
+ 2. imarccom i 2sMARS(i,sr)*asmarg(i,sr) (42.53)
Realtaxes =2 o TAXO0()*Xx0ind(j) + 2ncom 2s 2 TAX1(r,sj)*x1csi(r,s,)
+ Zincom s 25 TAX2(r,$])*x28 (1,5) +Zincom 2s TAX3(F,5])*X3cS(1,9)
+2 oo TAXA(T)*X4(r) +20com TAX5(r,9)*x55(r,s) , and (42.54)
Realimportsbasic = 2 5com BASI(r, imp,j)*x1csi(r, imp,j)
+ 2. ncom BAS2(r, imp,j)*x2csi(r, imp,j) + 2ccom BAS3(r, imp)*x3cs(r, imp)
+ 2 ccom BASS(r, imp)*x5es(r, imp)

+ 100* 2. 5com POLEV(r, imp)*d_x6cs(r, imp) . (42.55)
Next, we relate each of the first five terms on the RHS of (42.52) to the red

expenditure aggregates appearing on the RHS of E_gdpreal.
ViaE_x2cs in subsection 18.8d, we find that the first term is given by:

Term(1) = -2, 2., 2; PURCHVAL2(r,s,))*[y(j)+a2ind(j)+a2ci(rj)+a2csi(r,s,j)] -
(42.56)

In deriving (42.56), we recognized that when E_x2cs is multiplied through by
PURCHVALZ2(i,sj) and aggregated over s, then the price, relative technology and
twist terms drop out. Using the formulas in subsections 18.5d and 18.5h for
TPURCHVALZ2(r,j) and VINVEST(j), together with E_r_inv_cap_u [in subsection
18.8l], we see that
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Term(1) = - AGGINV*ir - Techchangeinv (42.57)
where
Techchangeinv = 2,222, PURCHVAL2(r,sj)*{a2ind(j) + a2ci(r,j) + a2csi(r,s)}

. (42.58)
Via E_x3cs [in subsection 18.8¢] and the formula for TPURCHVAL3(r,s) in
subsection 18.5d, we find that the second term on the RHS of (42.52) is given by
Term(2) = -2, TPURCHVAL3(r)*x3(r) . (42.59)
Then via E_x3 [in subsection 18.8¢] and the formulas in subsections 18.5h and
18.5k for AGGCON and S3COM(r), we obtain

Term(2) = -AGGCON*{q + 2, S3COM (N*EPS(r)* (c-q)

+ 2., 2; SBCOM(N)* ETA(r,j)*p3(j) + 2, S3COM(r)*[a3com(r) - ave_a3com]} .
(42.60)
By using E_ave a3com and by recalling from section 22 [see (22.9) and (22.10)]
that
2 SBCOM(r)*ETA(r,]) = -S3COM(j) and 2, EPS(r)*S3COM(r) =1 ,
we can simplify (42.60) to
Term(2) = - AGGCON*[c - 2; S3COM(j)*p3(j)] -
Hence, via E_p3 in subsection 18.8e and E_phi and E_c in subsection 18.8l,

Term(2) = -AGGCON *[c- xi3] =- AGGCON* cr . (42.61)
Thethird, fourth and fifth terms on the RHS of (42.52) can be written as:
Term(3) = - AGGEXP*expval; (42.62)
Term(4) = - AGGOTH*othreal; and (42.63)
Term(5) = - 100 * d_inventreal (42.64)

(see E_expvoal, E_fbgen and E_d_inventreal in subsection 18.8l).
Now we return to (42.55) and relate Realimportshasic to the import term on the
RHS of E_gdpreal. From (42.55) and E_xOimp [in subsection 18.8i] we find that

Realimportsbasic = 2., IMPORTS(r)*x0imp(r) . (42.65)
Then by using the formulain subsection 18.5f for IMPCOST(r), we obtain
Realimportsbasic = 2., IMPCOST(r)*x0imp(r) + Redltariffs (42.66)

where
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Realtariffs = 2., TARIFF(r)*x0imp(r) . (42.67)
Hence,
Realimportsbasic = AGGIMP*impvol + Redltariffs, (42.68)

(see E_impvoal in subsection 18.8l).
Finally, by substituting from (42.57), (42.61), (42.62), (42.63), (42.64) and
(42.68) into (42.52), we see that
Zj (COSTY(j) - TAXO())*a(j) = - AGGINV*ir - AGGCON*cr - AGGEXP*expvol
- AGGOTH*othreal -100*d_inventreal - Techchangeinv - Techchangemargins
+ Realtaxes+ AGGIMP*impvol + Realtariffs + Primfac . (42.69)
On rearranging (42.69) and using E_gdpreal [in subsection 18.81] we obtain
GDPEX*gdpreal =

- Zj (COSTS(j) — TAXO(j)*a(j) - Techchangeinv - Techchangemargins

+ Realtaxes + Redltariffs + Primfac . (42.70)

On comparing the definitions of Techchangeinv, Techchangemargins, Realtaxes,
Redltariffs and Primfac given in (42.58), (42.53), (42.54), (42.67) and (42.45) with
terms on the RHS of E_gdprealinc in subsection 18.8l, we conclude that

GDPEX*gdpreal = GDPIN*gdprealinc . (42.71)
Via (42.42), (42.71) implies that
gdpreal = gdprealinc . (42.72)

43. Appendix: the levels representation of price and quantity indexes in
MONASH

All of the deviation (percentage change and change) equations used in our
Johansen/Euler solutions of the MONASH modd are listed in subsection 18.8.
While many of the underlying levels equations are discussed in sections 19 to 36,
we do not provide a complete listing of them. The forms of most of the levels
equations are obvious from the corresponding deviation equations. However, thisis
not true for the equations defining percentage movements in price and quantity
indexes (p and g).
In subsection 18.8 (see particularly 18.8l), these equations take the Divisia form:

P =2k S P (43.1)
and

q= 2k S Gk (43.2)
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where
p« is the percentage change in the price of object (e.g., good) k;

O« isthe percentage change in the quantity of k purchased; and
S isthe share of k in the relevant expenditure aggregate.

The question to be considered in this appendix is the following: what are the levels
equations which justify the use of deviation equations such as (43.1) and (43.2)?

It will be useful at the outset to provide an intuitive answer. We concentrate on
price indexes. Given the level of a price index in year t, denoted by P(t),”® we
define its level in year t+1 as the result obtained by: (a) moving the exogenous
variables in small steps along a straight 1ine0 from their values in year t to their
values in year t+1; (b) evaluating at each step along the way the percentage
change, p, given by (43.1); and (c) generating the value of P(t+1) by accumulating
these percentage changes. By describing this process mathematically we obtain a
levels version of (43.1). Usualy, under this straight-line definition, P is close to
the geometric average of the values of the relevant Laspeyres and Paasche indexes.

Three implications of our definition of P are worth noting. First, the
Johansen/Euler method will produce legitimate solutions for P if and only if we
implement it with a straight-line movement in the exogenous variables from their
values in year t to their values in year t+1. If we adopted some other path, then
accumulation of percentage changes computed via (43.1) would not necessarily
produce a value equal to the value obtained by the straight-line movement required
by our definition. For example, if exogenous taste-changes cause a reduction in the
tobacco share of consumption and exogenous tax increases cause an increase in the
tobacco price, then accumulation of percentage changes generated by (43.1) in a
Johansen/Euler computation which introduced the taste changes followed by the
tax increases would underestimate P. This is because if we introduced the taste
changes first, then the tax-induced price change would receive a relatively low
weight. Being restricted to straight-line movements (i.e. simultaneous taste and tax
shocks representing equal percentages of their total shocks) is not a problem. This
isthe most obvious way to implement the Johansen/Euler method.

The second noteworthy implication of our definition of P relates to historical and
decomposition simulations in which we use a straight-line Johansen/Euler method
to compute the effects of movements in the exogenous variables from their values
in year t to their values in year t+1, T > 1, without reference to years t+1, t+2, ...,
t+1-1. In these simulations, accumulation of percentage changes from (43.1)
produces a legitimate value for P only if the actual movements in the exogenous
variables followed a straight line between yearst and t+1, not just between adjacent

79 We can assume that P(0) equalsone.

80 Thisis defined precisdly in (43.5).



430 Dynamic General Equilibrium Modelling for Forecasting and Policy

years. Thus for example, in our historical simulation for 1987 to 1994 we assumed
implicitly that the 34 per cent increase in the CPI that took place over this period
was generated by straight-line changes in the exogenous variables.

The third implication, which is closdy related to the second, concerns path
dependence. In year-to-year smulations MONASH correctly generates the paths of
Divisia indexes by moving the exogenous variables on a straight-line path from
year 0 to yearl, and then on a different straight-line path from year 1 to year 2, etc.
By the time we reach year T, the exogenous variables have moved on a non-linear
path composed of T joined linear segments. The values of Divisia indexes in year
T depend on these paths, not just their end points. Thus, in understanding the
simulated change in the level of a Divisia index between year 0 and year T we
often need to refer to movements in prices, quantities and shares in intermediate
years.

The remainder of this section is organized as follows. Subsection 43.1 is a brief
restatement of material from section 11 on the nature of the levels and deviations
versions of MONASH and on the Johansen/Euler method. This facilitates the
analysis in subsection 43.2 where we provide a formal mathematical statement of
the levels equations which justify the use of (43.1) and (43.2). An interpretation of
these levels eguations in terms of Laspeyres and Paasche indexes is given in
subsection 43.3.

43.1. Recapitulation: the levels and deviations versons of MONASH, and
solution by numerical integration

In section 11, we asserted that the deviations version of MONASH (subsection
18.8) can be derived from alevels version of the form

FV) =0 . (43.3)
The deviation version isalinear system of the form

AV)v = 0, (43.4)
where

V isavector of values of the mode's variables, either a solution [F (V) =0] or
an approximate solution generated in a numerical integration using (43.4);

v isthe vector of deviations®® in the values of the variables away from V ; and
A(V) isamatrix of partial derivatives of F [defined more precisdly in (11.15)
and (11.16)].

As explained in section 11, we solve MONASH by numerical integration (e.g.,
the Johansen/Euler method) using (43.4). In computing solutions for any year t, we

81 These can be either differences or percentage differences.
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always have an initial solution V,. New solutions are computed with the exogenous
variables (X) set at points along the straight-line path

X(a, X|, XF) = X| + G(XF - X|) for GD[O, 1] (435)
where

X, gives the initial values of the exogenous variables (i.e., their values in V));
and

Xk istherequired values of the exogenous variables.

In generating these new solutions, we start at a = 0 (i.e., we start at X,). We then
increase the value of a and use (43.4) to evaluate the effects on the endogenous
variables. Next, we update our solution, i.e., we moveV from V, to V, + dV where
dV is the vector of effects caused by our movement in a. By making further
movements in a, further evaluations of effects via (43.4) and further updates, we
eventually derive the required solution, reflecting the required values for the
exogenous variables (i.e, their values at a=1). If the movements that we have
made in a along the path from 0 to 1 are sufficiently small, then we asserted that
our final computation will produce an accurate solution to (43.3) with the
exogenous variables set at X.

A necessary condition for the validity of this assertion is the existence of the
levels equations (43.3). Thus the question being considered in this appendix is
significant.

43.2. The mathematics of the levels representations of the MONASH price and
quantity indexes

In this subsection, we show that levels representations in (43.3) of price and

quantity indexes (P and Q), compatible with the deviations equations (43.1) and

(43.2), are asfollows:

P=PR eprOC;OOOl* [=iPi (0, X[, X ) S (a, X, X p)] da (43.6)
and

Q=Qem|> 001*[%d X1 XF)§ (@ X) Xpl da @)

In these equations: G is an exogenous variable which has the value 0 in the initia
solution (V) and 1 in the required solution (Vg); P, and Q, are the initial values of
the price and quantity indexes; p;,q; and 5 are the percentage derivative in the
price of i (P), the percentage derivative in the quantity of i (Q) and the
expenditure share of i generated on paths (to be explained shortly) created by the
movement of the exogenous variables (excluding G) between X, and Xg;, and o is
the fraction of the distance moved along the path from X, to X.
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Equations (43.6) and (43.7) are expressions for Divisia indexes.82 Before they
can be understood, we need to define the paths along which p;, @; and Sjare

generated. This definition should rely on computations in a system of equations
which does not include (43.6) and (43.7). Otherwise we would be guilty of circular
reasoning.

The system we usein our definitionsof pj, gj and S consists of two parts. The

first is the deviations system (43.4), i.e., the TABLO equations in subsection 18.8,
including such equations as (43.1) and (43.2). The second is the set of update rules
in subsection 18.7. 83

We refer to (43.4) together with the update rules as system A. This system is
sufficient for us to define PA(a”, X;, Xg), Q*a’, X, Xg), PNa’, X,, Xp) and
QNa", X, Xg) as the values reached in system A by P, Q, P and Q after the
exogenous variables (X) have travelled along the path defined by (43.5) with a
moving in infinitesimally small stepsfromOtoa’.

With paths for P, and Q; defined by reference to system A, we define pj, gj and

S by
Bi (a, X, Xp) = [100/P"(a, X, Xg)] aP(a, X, Xp/ d a (43.8)
G (a, X, Xp) = [100/Q (0, X, Xp)] 0Q*(a, X, Xg)/ 0 a (43.9)
and
S (o, X1, Xg) = PA@, X, X0*QA(a, X, Xp)/Z; PA(@, X, X9)*QA@, X, Xg) .

(43.10)

Equations (43.8)-(43.10) complete the definitions of the RHSs of (43.6) and (43.7).

Now assume that (43.6) and (43.7) are part of the levels representation of our
modd. Our task is to show that the use of eguations such as (43.1) and (43.2) in
the deviations version is legitimate, i.e, we need to show that numerical
integration using (43.4), which includes (43.1) and (43.2), will produce solutions
to the levels version of the model, which includes (43.6) and (43.7).

In completing this task, the first point to recognize is that in deviation versions
of (43.6) and (43.7), we should treat X, and X as constants. In deviation versions

821 earni ng about Divisiaindexes, we found the conference volume edited by Eichhorn et al. (1978) to be
helpful, especially the contribution by Vogt (1978).

83 We assume that subsection 18.7 has been expanded to include update rules for al price, quantity and
index variables. As presented, subsection 18.7 contains update rules for some of these variables, e.g. the CPI,
but not for others. For the purpose of this appendix, a complete set of update rules is necessary because we
need, in theory, to trace the paths of R, Q;, P and Q aswe move the exogenous variables from X, to X.
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of our model, we are concerned with effects on endogenous variables as we move
exogenous variables along a path from X, to Xg, not with movements in either X,
or Xg. Thus, with (43.6) and (43.7) forming part of the levels version of our model,
equations suitable for inclusion in the deviation version are

100*delP =
Pexp [ 001°1%, (o, X, XA (1, X,, Xe)Jdoy

*%iBi (G, X1, X9 § (G, X;, Xp)delG (43.11)
and

100*ddlQ = Q.{expLG:O 0.01*[; Gi (@, X1, X9) S (@, X;, Xp)]da}

*3.Gi (G, X1, X9 S (G, X), X¢) delG . (43.12)
These equations, together with (43.6) and (43.7), give
P=3% B (G, X1, X9 S (G, X, X¢) delG (43.13)
and
q="3% Gi (G, X;, X)) S (G, X, X¢) delG (43.14)

where p and g are percentage changesin P and Q.

Next, we assume that if we replace equations such as (43.1) and (43.2) in (43.4)
with equations such as (43.13) and (43.14), then the resulting system is a
legitimate deviation version of our model. That is, we assume that if (G,V ) isa
solution of the levels version of the model, then deviations from that solution
caused by small movements in G and in the other exogenous variables (X) can be
calculated in the system:

* v*
A*(V) | Apg(V) | 0 .
0...... 0‘ 10 ‘—Ap(G,X|,X|:) =0, (43.15)
0..0] 01 [-Aq4(G,X|,X
q( | F) ddG
where

A*(V) isthe A(V) matrix in (43.4) excluding the rows for equations (43.1)
and (43.2) and the columns for p and q;

A;q (V) arethe columns of A(V ) for p and g, excluding the rows for (43.1)
and (43.2);
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v* isthe vector of deviations in the variables excluding the deviations in P, Q
and G;

ANG, X, X)) =ZHi (G, X, Xp) S (G, X1, Xe) ,
and Ay(G, X, Xp) = %Gi (G, X1, X)) S§ (G, X, Xp) .
In similar notation, (43.4) can be written as
A W) | Ap™ [[v*
-sP(") |1 of|p| =0, (43.4)
-sAv)y|o  1||q

where S’ (V) and SV ) are vectors of zeros and expenditure shares such that
(Vv =%S(V)p and S(V)v* =5 §(V)q

Equation (43.15) is a valid deviations version of our modd for calculating the
effects of small changesin G and in the other exogenous variables along any path
from their initial to their final values. However, we do not need this generality. We
can choose to work only with the straight-line path, that is, we can restrict the use
of (43.15) to computing the effects of small movements delG, in G combined with
changesin the other exogenous variables from X(G,X,,X¢) to X(G+del G, X,,X¢).84

With the scope of the movements in the exogenous variables restricted in this
way, we can replace (43.15) in our computations with (43.4'). That is, rather than
using (43.15) in a sequence of computations concerned with the effects of increases
in G of dddG and changes in X from X(G,X,,Xg) to X(G+ddG,X,,Xg), we can
instead use (43.4') in a sequence of computations concerned only with the effects
of movementsin X from X(G,X,,Xg) to X(G+de G, X, X¢).

The key to understanding why we can solve our model by a sequence of solutions
of (43.4') rather than by a sequence of solutions of (43.15) is to recognize that with
small values of delG, the two sequences of solutions produce the same paths for P
and Q. In the sequence of solutions using (43.15), the percentage movement in P,
for example, as we increase G by deddG and move X from X(G,X|,Xg) to
X(G+de G, X, X¢) isgiven by

p[43.15] = 5 S (G X, X9 Pi (G X, Xp) delG . (43.16)
In view of the definition of pj (G,X,,Xg),

Pi (G.X1.X¢) delG = p[43.4]

84 Recall from (43.5) that X(G, X\, Xg) = X, + G*(X - X)).
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where
pi[43.47] is the percentage effect on P, calculated in (43.4'), of moving X from
X(G,X,Xp) to X(G+delG,X,XF) as part of a sequence of small movements in
the exogenous variables along the straight-line path from X, to X,

Equation (43.16) can, therefore, be rewritten as
p[43.15] = 5 S (G, X, X¢) p[43.47] . (43.17)

Hence, if the movementsin G are small, then p[43.15], calculated in (43.15) asthe
percentage effect on P of moving G from G to G+delG and X from X(G,X,,X) to
X(G+dd G, X,,Xp), is the same as p[43.4], calculated in (43.4") as the percentage
effect on P of moving X from X(G,X|,Xg) to X(G+ddG,X|,Xg). Thus, for small
movementsin G, the paths for P, and similarly for Q, are the same in calculations
carried out with (43.15) and (43.4").

If the two sequences of solutions produce the same paths for P and Q, then they
must also produce the same paths for the other variables. This is because in both
systems, v* satisfies

A*(V)V* + Apg (V) [8} =0 . (43.18)

With identical movementsin P and Q, and in the exogenous components of v*, the
movements in the endogenous components of v* will also beidentical.

43.3. Interpretation of the MONASH price and quantity indexes
The most common indicators of aggregate price and quantity movements are
Laspeyres and Paasche indexes. Laspeyres indexes use initial-situation weights.

Expressed in notation similar to that appearing earlier in this section, Laspeyres
indexesin multiplicative form are:

P(LasXg)/P(Las X)) = M PXR/P(X))] %©X1-Xp) (43.19)
and

Q(Las Xp)/Q(Las X)) = MdQXe)/QX)] KO X1 Xp) (43.20)
where

P«(X;) and P«(Xg) are the initial and final prices of k, i.e., the prices with the
exogenous variables at X; and Xg;

Qu(X)) and Q(Xg) aretheinitial and final quantities of k;
P(Las X)), P(Las,Xg), Q(Las X)) and Q(Las,X) are the initial and final values
of the Laspeyres price and quantity indexes, P(Las) and Q(Las); and
§k (a,X;,X ) isthe kth expenditure share when the exogenous variables are
at X, +a( Xg- X)).

Paasche indexes use final-situation weights. They can be expressed as:



436 Dynamic General Equilibrium Modelling for Forecasting and Policy

P(Paa,X¢)/P(Paa, X)) = M PXe)/P(X))] Skc®X1:XF) (43.21)
and

Q(Paa,X¢)/Q(Pag,X1) = M QuXe)/QuX)] K &X1-XF) (43.22)

In the Divisia indexes [(43.6) and (43.7)] used in MONASH, the percentage
changes in prices and quantities, are broken into many parts of the form
pi(G, X, Xp)*de G and q;(G,X;,Xp)*de G where these are the percentage changes in
the price and quantity of i arising from the change in the exogenous variables from
X+ G*(Xg - X)) to X, + (G + ddG)*(Xk - X)). In the calculation of P and Q, each
of these partsis given aweight reflecting expenditure shares at the current value of
the exogenous variables. For example, the percentage changes pi(G, X, Xg)*del G
and gi(G,X;,Xg)*delG are given theweight S; (G, X|,XE) .

Because the weights applied to the percentage changes in P, and Q, move from
Si(0,X,XE) to S(1LX|,XE), we expect the MONASH Divisia indexes to be
given approximately by

P(Div, Xg)/P(Div, X)) = [P(Las, Xg)/P(Las, X))] /2 [P(Paa, X¢)/P(Paa, X))] 2

(43.23)
and
Q(Div, Xp)/Q(Div, X)) =[Q(Las, Xe)/Q(Las, X)] % [Q(Paa, X£)/Q(Paa, X,)] .
(43.24)

In one leading special case, (43.23) and (43.24) are exact. Thisiswhen:
(i) the rates of changein the logarithms of P, and Q with respect to a are
constant [i.e,, pxand Qi defined in (43.8) and (43.9) do not change

aswemovea from 0 to 1]; and
(i) the expenditure shares adjust along straight lines according to

Sk(@, X1, XE) = §(0.X;,Xg) +a[ S X, Xg) = S(0.X),Xg)]
for al k and for aJ[0,1] . (43.25)
Under these two conditions, (43.6) for example, gives8®

din P,A
da

. . 1 P s s
P(DIV.X2)/P(DIV.X) = exp IG:O{Z{ ][s ©+aE®-§ (@)]}da

(43.26)

85 |1 (43.26) we simplify the notation slightly by omitting X, and X asargumentsof S .
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dinPA _ ainpPA
- = In[R(Xe)/ PX)] -
Ad

Condition (i) impliesthat
da

Thus, (43.26) simplifiesto

P(Div,Xg)/P(Div,X))= exp Z; In[P(X)/ P(X)] ji:o[ S (0) +a(Si() -5 (0))] da

=ep %, InPexey PO+ FOTAEY = nEReROG) SO 52

= [P(Las, Xp)/P(Las, X,)] 72 [P(Pag, X¢)/P(Pag, X))] 2 .

While the Divisia indexes (43.6) and (43.7) are usually interpretable as averages
of Laspeyres and Paasche indexes, it is reasonable to ask whether they are too
complicated. Perhaps we should have used Laspeyres or Paasche indexes or
explicit combinations of the two. The advantage of Divisia indexes is that they
have ssimple deviations forms [(43.1) and (43.2)]. For Laspeyres indexes, the
deviation forms are

p=2% S(0.X,Xppi and q=2; S(0,X,Xp)g; ,

necessitating the retention of the initial shares, S(0,X,,Xg), in al steps of
Johansen/Euler computations. With Paasche indexes, we need to implement in
Johansen/Euler computations an iterative procedure involving guesses of the final
shares, S(1,X,Xg). Becauseit is the vehicle for all our computing and most of our
thinking and interpreting, we were keen to keep the deviation version of our model
as simple as possible. Thus, despite their complicated levels representations, we
chose to use Divisiaindexes.

44. Appendix: the TABLO implementation of the algorithm for handling
forward-looking expectations of rates of return

We set out the technical aspects of the algorithm discussed in section 30 for
computing MONASH solutions with forward-looking expectations. The algorithm
is implemented mainly: by formulas in subsection 18.5t; by the updating of the
coefficient EROR_G in subsection 18.7; by the calculation of d_eror(j) via E_d f
in subsection 18.8n; and by the arrangement of input and output files.

The arrangement of files is illustrated in Figure 44.1. In the figure we assume
that there are 30 forecast iterations followed by a forecast rerun (iteration 31) and
5 policy iterations (iterations 32 to 36). The forecast iterations produce solutions
for years 1 to 20, and the forecast rerun and policy iterations produce solutions for
years t, to 20 where t, is the first year in which the policy shocks are anticipated.
Palicy solutions for years before t, are not required as these would be identical to
forecast solutions. The computation of the solution for year g in iteration n is
denoted in the figure by Sn.q.
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We assume that there are three data input files with logical names F, | and R. A
minimum of three filesis required. Asindicated in the diagram the inputs to S2.1
are drawn from two processes. data from year zero (FO) and output from S1.20
(11.20 and R1.20). Since the F input is from a different process to that generating
the | and R inputs, the F file must be separate from | and R. The inputs to S31.t,
are also drawn from two processes. output (130.20) from the previous solution,
S30.20; and output [F30.(t-1) and R30.(tz1)] from an earlier solution,
S30.(t-1).86 Sincethe | input is from a different process to that generating the F
and R inputs, thel file must be separate from F and R. Hence al three files must
be separate.

Theinput file F can be thought of as containing input-output data. The forecast
iterations each start with input-output data for year zero. Throughout these
iterations the input-output data are updated and passed from year to year. The
forecast rerun and each of the policy iterations start with input-output data
generated by the final forecast solution for year t-1. As in the forecast iterations,
these input-output data are updated and passed from year to year. In addition to
input-output data the F file can contain substitution parameters and other data of
no particular interest in the current context.

Theinput file | contains just one data item, ITER_NUM. Through its base value
ITER_NUM_B, ITER_NUM informs each solution Sn.q of the iteration currently
in progress. In subsection 18.5t, ITER_NUM_B affects the values of ONE_ITER1,
ONE_IT1 REP, ZERO_PYR1 and DUM_IT1. Asrequired by our algorithm, these
coefficients allow expected rates of return to be determined differently in different
iterations.

To see how ITER NUM keeps track of the iteration number, we first need to
look at the coefficients YEAR B, YEAR and NYEARS. YEAR B is the base
value of the coefficient YEAR (see subsection 18.5t) which is read from the F file.
In FO, YEAR has the value 1. During any solution, the value of YEAR isincreased
by 1 via updating by del_unity (subsection 18.7). Thus, in any data file Fn.(g-1)
thevalue of YEAR isq giving YEAR B avalue of g in solution Sn.q for all n, that
isin all solutions the value of YEAR_B denotes the year of the solution. NY EARS
is a parameter giving the number of forecast years, 20 in Figure 44.1. Now we
return to the valuation of ITER_NUM. In 10, its value is 1. As can be seen from
subsection 18.7, ITER_NUM is updated in each solution (Sn.q) by the value of
ITER ADJUST. This value is determined by a Formula(lnitial) in subsection
18.5t. It is 0 except when YEAR_B = NYEARS, in which caseit is 1. Thus, in the
final year of each iteration ITER_NUM moves up by 1. Consequently, ITER_ NUM
has the value 1 in 10 to 11.19, the value 2 in 11.20 to 12.19, and the value 36 in

86 £ t, = 1 then we define Fn.(t-1) as FO and Rn.(t-1) as R(n-1).20.
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135.20 to 136.19. This means that ITER_ NUM_B has the value n throughout the
nth iteration.

Figure44.1. Solving MONASH with Forward-looking Expectations

Forecast iterations (n=1,...,30)

FO F11 F1.20
10 —» 1.1 —» --------- —»—» 11.20
RO RL1 R1.20
Fo F2.1 F2.20
11.20 —» 12.1 —» --------- —»—» 12.20
R1.20 R2.1 R2.20
Fo F30.1 F30.20
120.20 —> 01 (02 ) rerareans —Cs020) -8 12020
R29.20 R30.1 R30.20
Forecast rerun (n=31)

3041 Pl F31.20

130.20 —» 131t —» e —»—» 131.20

R301, 1 RaLt, R31.20

Policy iterations (n=32,...,36)
Fa2t
F30. -1 Y F32.20
a
131.20 —> 1824, —> e —>—> 132.20
R30.t -1 R32. R32.20
a a

F041 Fa3t, F33.20

132.20 —> 1331, —> e —>—> 133.20

R32.20 RA3L, R33.20

F30.(t,-1) F36.t, F36.20

135.20 —» 136, —» s —»—» 136.20

R35.20 Rab., R36.20

The main role of the third data file, R, is to carry values for the coefficients
EROR_G(j,q), where j is an industry (jOIND) and q (QOTIME) is the name of a
year, TO, T1, ..., T20. Valuesof EROR_G are read at the beginning of each
solution and then used, via a Formula(lnitial) in subsection 18.5t, in setting values
for the coefficients EROR G _B(j,q). Particular columns are picked out of
EROR G B to st values for EROR _F(j) and EROR B(j). As explained in
subsection 30.2, EROR_B(j) and EROR_F(j) are used via E_d_f in setting the
movement in j's expected rate of return [d_eror(j)].

From the formulas in subsection 18.5t, it is apparent that we need to ook at the
coefficients DUM_TIME, DUM_TIME_LAG and COEFF_TIME to understand
which columns of EROR_G_B are picked out in setting EROR_F and EROR_B.
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COEFF_TIME is a vector of parameters (no updates) taking values for al g in the
set TIME. These values, which are read initially from FO, are 0, 1, 2, ..., 20. From
its formula in subsection 18.5t, we see that DUM_TIME(q) is 1 if
COEFF_TIME(g) = YEAR_B, otherwise it is zero. Conseguently, in year g
computations, DUM_TIME is a vector with a 1 in the position corresponding to
year g and O elsewhere. Similarly, in year g computations, DUM_TIME _LAG isa
vector with a1 in the position corresponding to year g-1 and 0 elsewhere.

Now we see from the formulas in subsection 18.5t that EROR_F in computations
for year t is the column EROR_G_B(j,q), g = Tt. Similarly, EROR_B is the
column EROR_G_B(j,q), g = T(t-1).

As explained in subsection 30.2, EROR_F and EROR_B do not influence d_eror
in either the first forecast or first policy iteration. However for other iterations we
must ensurein the year t computation that EROR_G_B(j, Tt) has the value we wish
to assume for j's expected rate of return in year t and EROR_G_B(j, T(t-1)) has the
value we wish to assume for j's expected rate of return in year t-1.

Inthefile RO used in S1.1, EROR_G is a matrix of zeros. In al solutions (S1.q)
in the first iteration, the coefficients ZERO_PYR1 and DUM _IT1 are 1. Thus, as
can be seen from the Formula(Initial)s in subsection 18.5t for EROR_G_B and
EROR_G, EROR_G is altered at the beginning of S1.1 so that its TO column is
replaced by the vector ROR_ACT _L_B. Thisis the vector of actual rates of return
in year —1 and is computed by formulas in subsection 18.5t using data for years —1
and 0. In the course of S1.1, the TO column of EROR_G is updated by changesin
actual lagged rates of return (d_ror_act 1), see subsection 18.7. At the end of S1.1,
the EROR_G matrix in R1.1 has actual rates of return for year 0 in its TO column
and zeros elsawhere.

The R1.1 fileistaken into S1.2. Asin S1.1, the EROR_G matrix isimmediately
dtered via Formula(initial)s. This time the year 1 column is replaced by
ROR_ACT_L_B which is now the vector of actual rates of return for year 0. These
actual rates of return are calculated using data for year 0 and data for year 1
generated in S1.1. In the course of S1.2, the year 1 column of EROR_G is updated
by changes in actual lagged rates of return (d_ror_act_I). At the end of S1.2, the
EROR_G matrix in R1.2 has actual rates of return for year 0 in its TO column,
actual rates of return for year 1 inits T1 column and zeros el sewhere.

At the end of the firgt iteration the EROR_G matrix in R1.20 contains all the
actual rates of return implied in the first iteration. More specifically, columns TO
to T19 contain the actual rates of return for years 0 to 19 implied by data for year
zero®7 and by the sequence of solutions S1.1 to S1.20. The T20 column continues

87 Asis apparent from our description of alterationsto EROR_G in S1.1, data for year —1 were used in the
process of forming the TO column. However these data do not influence the value of the TO column
emerging from S1.1and thus appearing in R1.20.
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to be a vector of zeros. However, as is clear from the discusson of E_d_f in
subsection 30.2, the T20 column plays no role in the computations
(COEFF_NYEAR s zeroin thelast year).

R1.20 is used as part of the input to S2.1. Because in al forecast iterations
beyond the first, DUM_IT1 is 0, EROR_G B in S2.1 is simply EROR_G from
R1.20. Consequently, the values of EROR_ B and EROR_F used in S2.1 as
expected rates of return (ERORjtz, t =0, 1) are the actual rates of return for years 0
and 1 implied in the first iteration: that is, as required by our algorithm [see
(30.21)]

ERORZ=ROR ACT,* fort=0,1 . (44.1)

At the start of S2.1 (but after the evaluation of EROR_G_B), the TO column of
EROR_Gisaltered by a Formula(lnitial) in subsection 18.5t so that it becomes

EROR_G(j,T0) =

EROR G _B(j,T0) + ADJ RE(j)*[ROR_ACT_L_B(j) - EROR G_B(j,T0)],
that is,

EROR_G(j,T0) = EROR,,*+ ADJ_RE(j)*[ROR_ACT;.;)* —EROR? . (44.2)

During S2.1, the TO column of EROR G is updated (subsection 18.7) by
ADJ RE(j)*d ror_act I(j). Consequently, by the end of S2.1, the TO column of
EROR_Gin R2.1lisgiven by

EROR_G(j,T0) = EROR,,*+ ADJ RE(j)*[ROR_ACT,i> —EROR(?],  (44.3)

while the other columns remain unchanged from their values in the EROR_G
matrix in R1.20.

R2.1 is used as part of the input to S2.2. Thus, EROR_B and EROR_F in S2.2
are the actual rates of return for years 1 and 2 implied in the first iteration: that is,
asrequired by our algorithm [see (30.21)]

ERORZ=ROR ACT,! fort=1,2 . (44.4)

During S2.2, the T1 column of EROR_G is moved so that by theend of S2.2 it is
given by

EROR_G(j,T1) = EROR;*+ ADJ RE(j)*[ROR_ACT;;>—EROR?].  (44.5)

On continuing to examine the evaluations of EROR_F and EROR_B, we see that
the TABLO code for MONASH implemented with the file flow in Figure 44.1
satisfies (30.21) throughout S2.1 to S2.19: that is

ERORZ=ROR ACT,* foralt<20 . (44.6)

In S2.20 we set d_eror(j) = O (recall that COEFF_NYEAR = 0in thefina year). In
light of (30.20), this ensures that
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ERORZ=ROR ACT, for t=20 . (44.7)

On continuing to examine the updating of the EROR_G matrix, we see that by the
end of iteration 2, the EROR_G matrix which forms part of R2.20 is given by

EROR_G(j,Tq) = EROR,*+ ADJ RE(j)*[ROR_ACT;’ — EROR’]
forall <20, (44.8)
and

EROR G(j,T20)=0 . (44.9)
In the solutions for the first 19 years of forecast iteration 3, the expected rates of

return are given by values present in the EROR_G matrix generated in iteration 2.
Thus, in accordance with (30.23a)

EROR;® = EROR;” + ADJ RE(j)*[ROR_ACT,;’ — EROR]
forall g< 20, (44.10)

and with d eror(j) set at O in year 20, equation (30.23b) is also satisfied. The
EROR_G matrix emerging from iteration 3 is given by

EROR_G(j,Tq) = EROR,*+ ADJ RE(j)*[ROR_ACT;,* — EROR’]

for all g < 20, (44.11)
and
EROR_G(j,T20)=0 . (44.12)
This provides the values for the expected rates of return required in iteration 4.
After 30 forecast iterations, we perform the forecast rerun iteration (n=31). As
explained in subsection 30.2, in this iteration we switch to the policy closure and
shock the exogenous variables with their values from iteration 30. The F and R
filesused in thefirst year (t,) of the forecast rerun are those used as inputs to year
ta in the last forecast iteration. Only the | file, carrying the iteration number,
differentiates the inputs to S31.t, from those to S30.t,. The difference between the
data in 130.20 (the input to S31.t) and 130.(t;-1) (the input to S30.t,) affects the
values of ITER_ NUM and ITER NUM_B but has no effect on any other
coefficient and therefore causes no differences between the solutions generated in
iterations 31 and 30.88
The F and R files used in the first year of the first policy iteration are those used
asinputsto year t, in both the last forecast iteration and in the forecast rerun. Only
thel file (131.20) used in S32.t, differs from the corresponding inputs to S30.t, and
S3lt,.

88 |TER NUM_B appears on the RHSs of the formulas in subsection 185t for ONE_ITERL,
ONE_IT1_REP, ZERO_PYR1 and DUM_IT1. The values of these coefficients do not change when
ITER_NUM_B movesfrom 30 to 31, that isfrom NOFITERS to NOFITERS+1.
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With 131.20 as an input to S32.t, the value of ITER_ NUM_B throughout the
first policy iteration is given by
ITER NUM_B=N+2 (44.13)
where N (=30) is the number for forecast iterations (denoted in the TABLO code

by NOFITERS). Under (44.13), ONE_IT1_REP is set at 1. In combination with
the settings of the other coefficientsin E_d_f, thisgives

d_eror(j)=d_eror_o(j) +del_ror_se(j) —ded_ror_se ofj) in S32.t for t=t,t0 19,

(44.149)
and
d_eror(j) =0 in S32.t for t=20 (44.14b)
where

d_eror(j) is the change in j's expected rate of return between t-1 and t in the
first policy iteration (n= N+2 = 32);

d_eror_o(j) isthe changein j's forecast expected rate of return between t-1 and
t derived from the forecast rerun (n= N+1 = 31);

del_ror_se(j) is the change in j's rate of return under static expectations
between t-1 and t in thefirst policy iteration (n= N+2 = 32); and
del_ror_se o(j) is the change in j's rate of return under static expectations
between t-1 and t derived from the forecast rerun (n= N+1 = 31).

Equations (44.14a & b) are change versions of (30.26a & b). Thus, to be sure that
(30.26a & b) are satisfied as required by our algorithm, it is sufficient to show that
EROR,"? = ERORy"*! + ROR_SE;"** - ROR_SE;""*  for t=t,1 . (44.15)

This equation is satisfied because in year t-1 expected and static rates of return
(ERORs and ROR_SES) are the same in the first policy iteration (n = N+2) asin
the forecast rerun (n = N+1). Both ROR_SE;** and ROR_SE;""*, t = t.-1, are
calculated from data in F30.(t;-1) and both EROR*? and EROR\"™, t = t-1, are
taken from the T(t;1) column of the EROR G matrix in the same R file,
R30.(t.-1).89

Asin the first forecast iteration, in the first policy iteration the EROR_G matrix
plays no role in the determination of the d_eror(j)s. These are determined by
(44.14a & b). However, during the first policy iteration the EROR_G matrix is
atered by Formula(lnitial)s and updates, so that it can play a role in the
determination of the d_eror(j)s in the second palicy iteration. With one difference

89| thefirg year of any policy iteration, ZERO_PYR1 isO (see subsection 18.5t). Consequently, in S32. t,
the expected rates of return, EROR_B, assumed for year t;-1 arethosein the T(t.-1) column of the EROR_G
matrix in R30.(ts-1). In the forecast rerun, DUM_IT1 is 0. Consequently, in S31. t, the expected rates of
return, EROR_B, assumed for year t;-1 are also those in the T(t;-1) column of the EROR_G matrix in
R30.(ts-1).
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the aterations are carried out in the same way as those in the first forecast
iteration. The difference is that whereas all the columns TO to T19 of the EROR_G
matrix were altered during the first forecast iteration, only the columns Tt, to T19
are atered during the first policy iteration. At the end of the first policy iteration
columns Tt, to T19 in the EROR_G matrix in R32.20 contain actual rates of return
implied in the first policy iteration. Columns TO to Tt;-1 and T20 remain at their
valuesin R30.(t;-1).

From here, the policy iterations proceed in the same way as the forecast
iterations. In each policy iteration, expected rates of return are set viathe EROR_G
matrix to reflect actual rates of return in previous policy iterations, and the
EROR_G matrix is updated to carry information on expected rates of return to
subsequent iterations.



